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Abstract 

These lectures provide a pedagogical, introductory review of the so-called Attractor Mechanism 
(AM) at work in two difTcrcnt 4-dimensional frameworks: extremal black holes in A/" = 2 supcrgravity 
and Af = 1 flux compactifications. In the first case, AM determines the stabilization of scalars at 
the black hole event horizon purely in terms of the electric and magnetic charges, whereas in the 
second context the AM is responsible for the stabilization of the universal axion-dilaton and of the 
(complex structure) moduli purely in terms of the RR and NSNS fluxes. Two equivalent approaches 
to AM, namely the so-called "criticality conditions" and "New Attractor" ones, are analyzed in 
detail in both frameworks, whose analogies and differences are discussed. Also a stringy analysis of 
both frameworks (relying on Hodge-decomposition techniques) is performed, respectively considering 
Type IIB compactificd on CY3 and its oricntifoldcd version, associated with — |^ — . Finally, recent 
results on the fZ-duality orbits and moduli spaces of non-BPS extremal black hole attractors in 
3^A"^8, d = 4 supergravities are reported. 
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1 Introduction 



After the original papers [T]-[S] from mid 90's dealing mostly with the Bogomol'ny-Prasad-Sommerfeld 
(BPS) black holes (BHs), extremal BH attractors have been recently widely investigated (see also 

[54j-[62]) • Such a renaissance is mainly due to the (re)discovery of new classes of solutions to the attractor 
equations corresponding to non-BPS horizon geometries: certain configurations of moduli stabilized near 
the horizon of extremal BHs exist which break supersymmetry. In addition, the stabilization of moduli 
in the context of string theory has become a central issue of string cosmology. The attractor equations 
used in the past for stabilizing moduli near the horizon of an extremal BH have turned out to be useful 
in the context of flux vacua. 

In this introduction we will first briefly remind the basic structure of the BPS BH attractors in J\f ^ 2, 
d = A supergravity. After that, we will outline the main features of the recent developments in non-BPS 
extremal BH attractors and flux vacua, a detailed description of which will be given in the subsequent 
sections. 

An horizon extremal BH attractor geometry is in general supported by particular configurations of 
the 1 X {2nv + 2) symplectic vector of the BH field-strength fiuxes, i.e. of the BH magnetic and electric 
charges: 

QEE(/,gA), P^ = ^ [ 1^=rf.^^' A-0,l,...,ny, (1.1) 

where, in the case of A/" = 2, d = 4 supergravity, ny denotes the number of Abclian vector supermultiplets 
coupled to the supergravity one (containing the Maxwell vector A'^, usually named graviphoton) . Here 
T'^ = dA^ and Qa is the "dual" field-strength two-form jgSl(M| . 

BPS BH attractor equations fix the values of all moduli near BH horizon in terms of the electric 
and magnetic charges. The most compact form of these equations was given in [65, , where the Kahler 
invariant period (Y^ , (Y)) was introduced by multiplying the covariantly holomorphic period V{z, z) 
(see Eq. (2.4 1 below) on the (complex conjugate of the) Af = 2, d = 4 central charge function Z, so that 

ZV={Y^,Fa{Y)) (1.2) 

where Y^ = Y^ {z, z) and V — (^L^ , Ma). In terms of such variables, the BPS attractor equations are 
very simple and state that at the BH horizon the moduli (z, z) depend on electric and magnetic charges 
so that equations 

Y^-Y^^ ip^ , Fa {Y) ~ Fa {Y) = iqa (1.3) 
are satisfied, and their solution defines moduli as functions of charges 

Zcr = Zcr{p, q) , Zcr = Zcr{p, q) ■ (1-4) 



BPS attractors equations (1.3 1 are equivalent to the condition of unbroken supersymmetry: DZ — 0. 

A simple way to derive the BH attractor equations, which also gives a clear link to their use in the 
context of fiux vacua, is by using the language of string theory compactified on a Calabi-Yau threefold 



{CY^) [66 . One starts with the Hodge decomposition of the 3-form fiux (see Eq. (3.4.1.301 below) 

= -2/m[Zf23 - D^ZD.Cl^i] = / T+ , (1.5) 
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where Ct^ is the covariantly holomorphic S-forrn of the CY^, is the self-dual 5-form of type IIB string 
theory and S"^ is the 2-sphere at infinity, as in the definition (1.1 1 (see e.g. [64 ). By integration over a 



symplectic basis of 3-cycles of CY3 the decomposition ( 1.5 ) can be brought to the form (see Eq. (3.3.1.10 ) 
below) 

= -2Im{ZV -&ZDiV\. (1.6) 



By inserting the condition of unbroken supersymmetry D^Z = into the identities (1.51 and (1.6 1, one 



obtains the BPS extremal BH attractor Eqs. (1.3) in a stringy framework: 

Tis = -2Im[zCl3]Dz=o, (1.7) 

or equivalently: 

Q^^-2Im[ZV]^^^^. (1.8) 
This attractor Eq. presents a particular case of the criticality condition for the so-called effective BH 



potential, diVsH = 0, where (see definition (3.1.11 below) 

VBHiz.z) = \Z\^ + g'^D,Z)DjZ. (1.9) 

Another important feature of the BPS attractors is the relation between the second derivative of Vbh 
at the critical points OVbh — and the metric g fj of the scalar manifold (usually called moduli space in 
string theory), namely 

{d.djVsH) =2[g^^VsH) ■ (1.10) 

Since Vbh at the supersymmetric critical point DZ = (with non-vanishing entropy) is strictly positive 



{Vbh\dz=o ~ I^Idz=o ^ '-')' ^'i- (l-lOl implies that all BPS attractors are stable, at least as long as 
the metric of the moduli space is strictly positive definite. Note that in the BPS case the condition of 
non-vanishing entropy requires .^I^j^^q =/= 0. 

The recent developments with non-BPS BH attractors can be described shortly as follows. For 
extremal non-BPS BH solutions oi M — 2, d — A supergravity one finds the mechanism of stabilization 
of moduli near BH horizon with some properties of the same nature as in BPS case, and some properties 
somewhat different. 

Many nice features of the BH attractors in the past were associated with the unbroken supersymmetry 
of BPS BHs. During the last few years the basic reason for the attractor behaviour of extremal BHs has 
been discovered to be geometricaQ extremal BHs (regardless their supersymmetry-preserving features) 
all have moduli which acquire fixed values at the BH horizon independent of their values at infinity! 
Their values at the horizon depend only on the electric and magnetic BH charges. The existence of an 
infinite throat in the space-time geometry of extremal BHs leads to an evolution towards the horizon such 
that the moduli forget their initial conditions at (spatial) infinity 14J. Since a Schwarzschild-type BH 
geometry with non-vanishing horizon area is never extremal, this phenomenum never takes place when 
solving the equations of motion for scalar fields in such a background: their values at the horizon depend 
on the initial conditions of the radial dynamical evolution, because there are no coordinate systems with 
infinite distance from the event horizon. 



^We are grateful to A. Linde for this insight, see also |14| . 
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A simple qualifier of both BPS and non-BPS attractors remains valid in the form of a critical point 
of the BH potential: 



dVi 



BH 



for BPS : DZ = 0, for non - BPS : DZy^O. 



(1.11) 



The non-BPS attractor Eqs. in the form generalizing Eqs. (1.3) can be given separately for the cases 

Z 7^ and Z = 

In the case Z ^ one finds (see Eq. ( 3.3.2.3| ) below) 



= -2Im ■ 



Z 



(1.12) 



non-BPS, Z^Q 



Here one starts with the identity (1.6) and replaces the second term using the expression for it derived 



from the non-BPS Z ^ Q criticality condition OVbh = 0. The attractor Eq. ( 1.12 1 is a clear generalization 



of the BPS attractor Eq. (1.3l-(1.8l with Z ^ 0: at DZ = the second term in the right-hand side 



(r.h.s.) of Eq. ( 1.12 ) vanishes and it reduces exactly to Eq. ( 1.8 ) or its detailed form given by Eq. ( 1.3 1 



For both classes [Z ^ and Z = 0) of non-BPS attractors the critical value of Vbh remains positive, 
since by definition Vbh is a real, positive function in the scalar manifold. However, the universal BPS 
stability condition (1.10 1 is not valid anymore and one has to study this issue separateljj^ 

In the present review we will consider only critical points of Vbh (|-BPS as well as non-BPS) which 
are non-degenerate, i.e. with a finite, non-vanishing horizon area, corresponding to the so-called "large" 

bhS 

Due to the so-called Attractor Mechanism (AM) [I]-[S], the Bekenstein-Hawking entropy [57] of 
"large" extremal BHs can be obtained by extremizing Vbh {4'tQ) ^ where "</)" now denotes the set of 
real scalars relevant for the AM, and Q is defined by Eq. \\.\\ . In A/" = 2, d = 4 supergravity, non- 
degenerate attractor horizon geometries correspond to BH solitonic states belonging to 5-BPS "short 
massive multiplets" or to non-BPS "long massive multiplets" , respectively. The BPS bound |68j requires 
that 

Madm > \Zl (1.13) 
where Madm denotes the Arnowitt-Deser-Misner (ADM) mass fB5]. At the event horizon, extremal BPS 



^The non-BPS BH attractor Eqs. OVbh = with the condition Z = 0, DZ 7^ will be discussed later in the lectures. 

^In case that the critical Hessian matrix has some "massless modes" (i.e. vanishing eigenvalues), one has to look at 
higher-order covariant derivatives of Vbh evaluated at the considered point, and study their sign. Depending on the 
configurations of the BH charges, one can obtain stable or unstable critical points. 

Examples in literature of investigations beyond the Hessian level can be found in 10 23 24 . A detailed analysis of the 
stability of critical points of Vbh in {the large volume limit of) compactifications of Type IIA superstrings on CY3S has 
been recently given in 34 . 

The issue of stability of non-BPS critical points of Vbh in homogeneous (not necessarily symmetric) Af = 2, d = A special 
Kahler geometries has been treated exhaustively in |36| . It was derived that all non-BPS critical points of Vbh in such 
geometries are stable, up to a certain number of "flat" directions (present at all order in the covariant differentiation of 
Vbh)^ which span a certain moduli space, pertaining to the considered class of solutions of the attractor Eqs.. The results 
of |36| hold in general for any theory (not necessarily involving supersymmetry) in which gravity is coupled to Abelian gauge 
vectors and with a scalar sigma model endowed with homogeneous geometry (see further below in the present lectures). 

*For further elucidations, we refer the reader e.g. to the recent lectures of Sen [47) . where important aspects of BH 
attractors are presented: the microscopic string theory counting of states explaining the macroscopic BH entropy and the 
treatment of higher-derivative terms in the actions. 
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-BPS 



BHs do saturate such a bound, whereas the non-BPS ones satisfjj^ 

\-BPS: < \Z\h = Madm,h; 

' Z^O: < \Z\h < Madm,h; (1.14) 

Z^O: = \Z\^ < Madm,h, 
where Madm,h is obtained by extremizing Vbh {4'i Q) with respect to its dependence on the scalars: 

Madm,h (Q) = ^Vbh{^,Q)\q^Vsh=^- (1-15) 

The (purely) charge-dependent BH entropy Sbh is given by the Bekenstein-Hawking entropy-area 
formula [B7J |S] 

Sbh (Q) = = ^ Vbh {<P, QMa.Vnn^o = ^^bh (^h (Q) , Q) , (1.16) 

where Ah is the area of the BH event horizon. 

Non-degenerate, non-supersymmetric (non-BPS) extremal BH (and black string) attractors arise 
also in A/" = 2, = 5, 6 supergravity and in A/" > 2, d = 4, 5, 6 extended supergravities (see e.g. 
[70l[7TJ|72l|73[ISll74l|40l[Mlll6l|49|, and Refs. therein). In the present lectures we will focus on 
extremal BH attractors in A/" = 2, d ~ A ungauged supergravity coupled to Abelian vector multiplets, 
where the scalar manifold parameterized by the scalars is endowed with the so-called special Kahler (SK) 
geometry (see Sect. [2]). 

Flux vacua (FV) became recently one of the new playgrounds for string theory, in general and in 
particular in the context of moduli stabilization (for an introduction to flux compactifications, see e.g. 
[751 [71 EZl [TSJ Eg and Refs. therein) . 

The advances of observational cosmology and the emergence of the so-called "standard cosmological 
model" enforce on string theory/supergravity a responsibility to address the current and future obser- 
vations. This requires a solution of the problem of moduli stabilization. In the early Universe during 
inflation, all string theory moduli but the inflaton have to be stabilized, in order to produce an effec- 
tive four-dimensional General Relativity and also in order for inflation to explain the cosmic microwave 
background observations. At the present time, all moduli have to be stabilized in a four-dimensional de 
Sitter space to explain dark energy and acceleration of the Universe which took place during the last few 
billion years. 

The procedure of moduli stabilization in string theory consists of few steps. 

One of the steps is the stabilization of moduli by fluxes in type IIB string theory, determining 
d = 4 FV, with effective Af = I local supersymmetry and complex structure moduli stabilized; an 
important feature of such a procedure is the non-stabilization of the Kahler moduli. However, the 
largest contribution to the counting of the Calabi-Yau vacua in the so-called String Landscape comes 
from the diversity of FV. 

Thus, it is still interesting to study the mechanism of stabilization of the axion-dilaton and complex 
structure moduli in FV, ignoring the Kahler moduli. We will deal with such a scenario, in the particular 



^Here and in what follows, the subscript "J?" will denote values at the BH event horizon. 
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case in which the geometry of the complex structure moduH is SK, and not simply Kahler. In such 
a framework, it turns out that the Eqs. determining the FV configurations are closely related to the 
abovementioned extremal BH attractor Eqs. of A/" = 2, d = 4 supergravity. 

In the studies of FV one can start with an F-theory flux compactification on an elliptically fibered 
Calabi-Yau fourfold CI4 in the orientifold limit in which CY4 — , where is the two-torus. In 

type IIB string theory, this is equivalent to compactifying on the orientifold limit of CY^. The resulting 
low energy, d = A effective theory is A/" = 1 supergravity, where the information on string theory choice 
of compactification is encoded into a flux superpotential W and a Kahler potential K. As explained 
above, we assume that both flux superpotential W and Kahler potential K depend only on the complex 
structure (CS) moduli of CY4, spanning the CS moduli space M. Because of the orientifold limit of CY4, 



M has the product structure A4 — McsiCY^) x Mr (see Eq. (4.1.1 ) further below), where McsiCY^) 



(simply named Aics further below) is the CS moduli space of CY3 and Mr is the moduli space of the 
elliptic curve spanned by the axion-dilaton r (named t'^ in the treatment of the present lectures). Let 
us here just mention that in order to stabilize also the Kahler moduli of CI4, one should incorporate the 
non-perturbative string effects (see e.g. [801), which however we will not discuss here. 

The potential in the effective A/" = 1 , = 4 supergravity theory, in the Planckian units set equal to 
one, is given by [ST] |S2] 



K 



\DaW\'-3\W\ 



A=0 



h2.iiCY3) 

^ \DaZ\'-3\Z\\ 

A=0 



(1.17) 



where A = refers to the axion-dilaton t = and A = i £ {1, • • • , h2,i{CY'^)} to the CS moduli 



of CFs (/i2a = dim {H^-^ (CFg)); see Subsect. 4.1). We defined Z = e^W, as for the extremal BH 
attractors in A/" = 2, d — 4 supergravity, even if the analogy is only formal, because in the present d — A 
framework with M = \ local supersymmetry there is no central charge at all. 



The real Kahler potential of the effective Af — 1, d~ A supergravity theory reads (see Eq. (4.1.2.18) 
below) 

K = -ln{Q.4, 0.4) = -;n((r2i, Hi)) - ^^((r^g, 0.^)) , (1.18) 

where ^4 is a nowhere vanishing holomorphic 4-form defined on CI4. In the orientifold limit, il4 is a 
product of an appropriate holomorphic 3-form of CY^ and the holomorphic 1-form f2i of the torus 



T2 (see Subsubsect. 4.1.2) 



The flux holomorphic superpotential W is defined as a section of the line bundle C by [83l |84] (see 

W = Ze^^ = (J^4, ^a) = [ ^4 A 1^4 , 



Eq. (4.1.2.191 below) 



(1.19) 



CYi 



where E ^^(CKi) is the 4-form flux. 

In generic local "flat" coordinates of M (with and A-indices respectively referring to the axion- 
dilaton and CS moduli of CY3), T4 enjoys the following Hodge decomposition, which we present here in 



terms of Z for the sake of comparison with its "BH-counterpart" (i.e. the Hodge decomposition (1.5) 
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of the 3- form flux H3) (f^4 = e2^f]4; see definition (4.1.2.211 and Eq. (4.1.3.6) below) 



2Re 



Z^A 



DgZ) Da^a 



D^Dt^Z)DoDa^4 



(1.20) 



By imposing the supersymmetry-preserving condition DZ = (formally identical to the one appearing 
in the abovementioned theory of extremal BH attractors in J\f = 2, d = A supergravity) , the identity 



(1.20 1 becomes a supersymmetric FV Attractor Eq.. Indeed, the left-hand side (l.h.s.) depends on fluxes 



and the r.h.s. depends on axion-dilaton and on CS moduli of CY^; thus, the solution stabilizes the 



axion-dilaton and the CS moduli of CY^ purely in terms of fluxes: beside Eq. (1.7), one gets 

zCli + 5-^^ {p^DgZ^ DqDaCIa 



d4 = 2Re 



DZ=Q 



(1.21) 



Let us now compare the supersymmetric FV Attractor Eqs. (1.21) with their "BH-counterpart" , i.e 



with the BPS extremal BH Attractor Eqs. (1.7 1. 



In the case of FV, instead of the imaginary part we have a real part of a somewhat analogous 
expression: this is due to the fact that for FV one has a 4-form flux "Sa on a CY^ orientifold rather than 
of a 3-form flux on CY^. 



The other signiflcant difference is in the second term in the r.h.s. of Eq. (1.21 1. This term, absent 



in the BH case, is proportional to the second-order covariant derivative of Z along the t direction 
and one of the directions pertaining to the CS moduli of CY^. In the BH case there is a relation 



DiDjZ — iCijkD Z (see the second of Eqs. (2.17) below), and therefore the second covariant derivative 
of Z is not an independent term for BH, differently from DqDjZ in the FV case, which is an independent 
term in the decomposition of forms. 



The absence of such a term in the BPS extremal BH Attractor Eqs. (1.7) does not allow for non- 
degenerate BPS extremal BH attractors with vanishing central charge: indeed, on the BH side Z — 
and DZ — yield Vbh = 0. This limit case corresponds to a classical "smalF extremal BH, exhibiting a 
naked singularity because the area of the BH event horizon vanishes. The Attractor Mechanism in such 



a case simply ceases to hold, because for Z = and DZ = the BPS extremal BH Attractor Eqs. (1.3) 
admit as unique solution Q — 0. 

The same does not happen on the FV side. Indeed, by substituting Z — and DZ = into the 



Hodge decomposition (1.20) does not generate any unconsistency: the second term in the r.h.s. of Eq. 
( 1.21 1 provides a consistent solution for superymmetric Minkowski vacua (with DZ = and V7v=i — 0). 



Of course, more general supersymmetric solutions with Z ^ are allowed, and they correspond to 
supersymmetric AdS FV (see e.g. [TT1I55] ). 

The aim of the present paper is to show the Attractor Mechanism at work in two completely different 
d = A frameworks: extremal BH in M = 2 supergravity and A/" = 1 flux compactifications. 
The plan of the paper is as follows. 

In Sect. |2]we recall the fundamentals of the special Kahler geometry, underlying the vector multiplets' 
scalar manifold of A/" = 2, d = A ungauged supergravity, as well as the complex structure moduli space 
of certain M = 1, d — A supergravities obtained by consistently orientifolding of TV = 2 theories, such as 
Type IIB compactified on 
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Sect. [3] gives an introduction to the issue of the Attractor Mechanism in the framework where it was 
originally discovered by Ferrara, Kallosh and Strominger [I]-[5], namely in the stabilization of the vector 
multiplet' scalars near the event horizon of an extremal, static, spherically symmetric and asymptotically 
flat BH in A/" = 2, d ~ 4 ungauged supergravity. 

Subsect. |3.1| presents the so-called "criticality conditions" approach to the Attractor Mechanism, 
in which the purely charge-dependent stabilized configurations of the scalars at the BH horizon can be 
computed as the critical points of a certain real positive BH effective potential Vbh, whose classification 
is given in Subsubsect. |3.1.1[ The stability of the critical points of Vbh is then analyzed in Subsect. 



3.2 both in the general case of ny moduli (Subsubsect. 3.2.11 and in the 1-modulus case (Subsubsect. 



3.2.21. 



Subsect. |3.3| presents another, equivalent approach to the Attractor Mechanism, recently named 
"New Attractor" approach. In Subsubsect. |3.3.2| it is exploited in a general Af = 2, d = 4 supergravity 
framework, by substituting the (various classes of) criticality conditions of Vbh into some geometrical 
identities of special Kahler geometry, expressing nothing but a change of basis between "dressed" and 
"undressed" charges, and derived in Subsubsect. |3.3.1[ 



Subsect. 3.4 implements the "New Attractor" approach in a stringy framework, namely in Type 



HB compactified on CY^. In Subsubsect. 3.4.2 the (various classes of) criticality conditions of Vbh are 



inserted into some general identities (equivalent to the identities derived in Subsubsect. 3.3.1 ), expressing 
the decomposition of the real, Kahler gauge-invariant 3-form flux Ti.^ along the third Dalbeault cohomogy 
of CYs, and derived in Subsubsect. |3.4.1[ 

Sect. |4] deals with the Attractor Mechanism in a completely different framework, namely in = 
1, d = 4 ungauged supergravity obtained by consistently orientifolding the J\f = 2 theory, and thus 
mantaining a special Kahler geometry of the manifold of the scalars surviving the orientifolding. In 
the considered example of Type IIB associated with , the Attractor Mechanism determines the 

stabilization of the universal axion-dilaton and of the complex structure moduli in terms of the Ramond- 
Ramond (RR) and Neveu-Schwarz-Neveu-Schwarz (NSNS) fluxes. 



Subsect. 4.1 introduces the fundamentals of the geometry of (the moduli space of) CY3 orientifolds: 



the vielbein and the metric tensor (Subsubsect. 4.1.11, the relevant 1-, 3- and 4-forms (Subsubsect. 



4.1.2 1, and the Hodge decomposition of the real, Kahler gauge-invariant 4-form flux ^4, unifying the RR 



3-form flux with the NSNS 3-form flux fis (Subsubsect. 4.1.3). 



Subsect. |4.2| presents the so-called "criticality conditions" approach to the Attractor Mechanism 
in flux vacua (FV) compactiflcations of the kind considered above, in which the (complex structure) 
moduli space is endowed with special Kahler geometry. The purely flux-dependent stabilized vacuum 
configurations of the axion-dilaton and complex structure moduli can be computed as the critical points 
of a certain real (not necessarily positive) FV effective potential Vv=i. Since (differently from its BH 
TV = 2 counterpart Vbh) Vfif=i has no definite sign, the FV attractor configurations can correspond to 
a de Sitter (dS, 1^=1 > 0), Minkowski (Vv'^i = 0) or anti-de Sitter (AdS, V^f=l < 0) vacuum. 

Finally, Subsect. |4.3| implements the "New Attractor" approach to the Attractor mechanism in 
the considered class of FV compactifications, in the case of supersymmetric vacuum configurations. 
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The supersymmctric criticality conditions of V_\f^i are inserted into the Hodge decomposition of the 
4-forni flux 3^4, and the resulting supersymmetric FV Attractor Eqs. lead to the classification of the 
supersymmetric FV into three general families. 

Two Appendices, containing technical details, conclude the lectures. 

2 Special Kahler Geometry 

In the present Section we briefly recall the fundamentals of the SK geometry underlying the scalar 
manifold A4nv of J\f ~ 2, d — A supergravity, ny being the number of Abelian vector supermultiplets 
coupled to the supergravity multiplet {dimcMnv = ny) (see e.g. [86 t [87 l l88 l lM l l90 l l9T |[92l[93l l63 l l64]). 

It is convenient to switch from the Riemannian 2n\/-dim. parameterization of A4nv given by the local 
real coordinates {(f>'^}^^i 2nv ^^"^ Kahler ny-dim. holomorphic/antiholomorphic parameterization 
given by the local complex coordinates <z^,~z'^> . This corresponds to the following unitary 

^ J i.z— l,...,nv 

Cayley transformation: 

2fc-l , ■ 2k 

z'=^^-±^, k = l,...,ny. (2.1) 

The metric structure of Mny given by the covariant (special) Kahler metric tensor g^-j(z,z) = 
didjK (z,^), K {z,z) being the real Kahler potential. 

Usually, the ny x ny Hermitian matrix g^^ is assumed to be non-degenerate (i.e. invertible, with non- 
vanishing determinant and rank ny) and with strict positive Euclidean signature (i.e. with all strictly 
positive eigenvalues) globally in A^„^,, . We will so assume, even though we will be concerned mainly with 
the properties of g^j at those peculiar points of A4nv which are critical points of Vbh- 

It is worth here remarking that various possibilities arise when going beyond the assumption of global 
strict regular g^j, namely: 

- (locally) not strictly regular g^j, i.e. a (locally) non-invertible metric tensor, with some strictly 
positive and some vanishing eigenvalues (rank < ny); 

- (locally) non-regular non-degenerate gfj, i.e. a (locally) invertible metric tensor with pseudo- 
Euclidean signature, namely with some strictly positive and some strictly negative eigenvalues (rank 
= ny); 

- (locally) non-regular degenerate gfj, i.e. a (locally) non-invertible metric tensor with some strictly 
positive, some strictly negative, and some vanishing eigenvalues (rank < ny). 

The local violation of strict regularity of g^j would produce some kind of "phase transition" in the 
SKG endowing Mnvi corresponding to a breakdown of the 1-dim. effective Lagrangian picture (see 0, 
[SJj, and also 18J and [74 ) of d = 4 (extremal) BHs obtained by integrating all massive states of the 
theory out, unless new massless states appear [S]. 

The previously mentioned J\f = 2, d — A covariantly holomorphic central charge function is deflned 

as 

Z (z, z; q, p) = QeV (z, z) = q^L^ (z, z) - p^M^ (z, z) = e^^^^'^^Qell (z) = 

(2.2) 

= eiK(z,z) ^q^x^ (z) - p^Fa (z)] = e^^^^^^^PF (z; q,p) , 
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where e is the (2nv + 2)-dim. square symplectic metric (subscripts denote dimensions of square sub- 
blocks) 

Oriv+l ^Iriv+l \ 

(2.3) 

Inv + l Oriv + l / 

and V {z, z) and 11 (z) respectively stand for the (2ny + 2) x 1 covariantly holomorphic (Kahler weights 
(1,-1)) and holomorphic (Kahler weights (2, 0)) period vectors in symplectic basis: 

DjV{z,z) = {dj~ldjK)V{z,z) = 0, D,V{z,z) = {d, + ld,K)V {z,z) 

t 

y(z,z) = e5^(^'^)n(z), DiIi{z) = d-fl.{z)^Q, D,Il{z) = {d, + diK)Il{z) , (2.4) 

/ XHz) \ ( LHz,z) 

n(z)= \=exp{-~\K{z,z))\ 

\F^{X{z))J \M^{z,z) 

with X^ (z) and Fa {X (z)) being the holomorphic sections of the U{1) line (Hodge) bundle over A4nv 
W {z;q,p) is the so-called holomorphic J\f — 2, d = 4: central charge function, also named J\f — 2 
superpotential. 

Up to some particular choices of local symplectic coordinates in Ainvi t^i^ covariant symplectic 
holomorphic sections F\ {X (z)) may be seen as derivatives of an holomorphic prepotential function F 
(with Kahler weights (4,0)): 

In A/" — 2, d — A supergravity the holomorphic function F is constrained to be homogeneous of degree 2 
in the contravariant symplectic holomorphic sections X^ (z), i.e. (see |64] and Refs. therein) 

2F{X{z))^X^{z)Fa{X{z)). (2.6) 

The normalization of the holomorphic period vector 11 (z) is such that 

K (z, z) = -In [i (n (z) , n (z))] = -In [ffl^ (z) ell (z)] = -In X^ (z) Fa (z) - X^ (z) Fa (z) | , 

(2.7) 

where (•, •) stands for the symplectic scalar product defined by e. 
Note that under a Kahler transformation 

if(z,z) ^i^(z,z) + /(z)+7(z) (2.8) 

(/ (z) being a generic holomorphic function), the holomorphic period vector transforms as 

n (z) — ^ n (z) e-f-^^ ^ X^ (z) y X^ (z) e^^'f^). (2.9) 

This means that, at least locally, the contravariant holomorphic symplectic sections X^ (z) can be 
regarded as a set of homogeneous coordinates on Mnv > provided that the Jacobian complex ny x ny 
holomorphic matrix 

a^l,...,ny (2.10) 



dz^ \XO{z) 
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is invertible. If this is the case, then one can introduce the local projective symplectic coordinates 

_ (z) 



(2.11) 



and the SKG of Mnv turns out to be based on the holoniorphic prepotential T (t) = (^°) F (X). By 
using the t-coordinates, Eq. (2.7l can be rewritten as follows (J-a (t) = da^ [t), t° = t"-, Ta (t) = J'a (t))'- 

K (t, t) = -In {^ {z {t))\^ [2 {T (t) -T{t))- {t^ - f) (t) + (?))] } • (2.12) 

By performing a Kahler gauge-fixing with / (z) = In (z)), yielding that X'^ (z) — > 1, one thus gets 



X0(2 



-In {i [2 {T (t) ~ T (t)) - - -f) {Ta (t) + it))] } 



(2.13) 



In particular, one can choose the so-called special coordinates, i.e. the system of local projective t- 
coordinates such that 

el (z) = 51 ^ e (z) = (+c^ e C) . (2.14) 



Thus, Eq. (2.131 acquires the form 



K{t,t)\^, 



X°(z) >l,e°(z)=(5f 



-In [i [2 {T (z) - T (z)) - (z^ - [t, [z] + (z))] } . (2.15) 



Moreover, it should be recalled that Z has Kahler weights (p,p) — (1, —1), and therefore its Kahler- 
covariant derivatives read 



1 



1- 



(2.16) 



Da = [d, + ^d.K j Z, DjZ - \ dj - -djK j Z. 
The fundamental differential relations of SK geometry ar^(see e.g. [M]): 

i?,:DjZ = D,zj = g-:z- 

where the first relation is nothing but the definition of the so-called matter charges Zi, and the fourth 
relation expresses the Kahler-covariant holomorphicity of Z . Cijk is the rank-3, completely symmetric. 



(2.17) 



^Actually, there are different (equivalent) defining approaches to SK geometry. For subtleties and further elucidation 
concerning such an issue, see e.g. |95| and |96| . 
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covariantly holomorphic tensor of SK geometry (with Kahler weights (2, —2)) (see e.g^ [Ml [Ml 1^ ): 



r C,jk^{D,DjV,DkV) 



= {d,X^) {d,X^) (dkX^) dsd^F^ (X) = e^M^,,fc, djW,,k - 0; 
= D.D^DkS, S = -iL^L^hn (Fas) , -^ae = ||^, Fas = F 



(AS) 



4; 



(2.18) 



DjCjki — (covariant holomorphicity); 

^ijki = ~909kl ~ 9fi9kj + ^'ikpCjipgPP (usually named SKG constraints); 
D[iCj]hi = 0, 

where the last property is a consequence, through the SKG constraints and the covariant holomorphicity 
of Cijk, of the Bianchi identities for the Riemann tensor Rfj/^j (see e.g. [91 ), and square brackets denote 
antisymmetrization with respect to enclosed indices. For later convenience, it is here worth writing the 
expression for the holomorphic covariant derivative of Cijk- 



DiCjki — D(^iCj)ki — diCjki + {diK) Cjki + T^j^Cmki + ^nT'^mji + ^a^^Cmjk- 
It is worth recalling that in a generic Kahler geometry reads 

{djd-dmK^ didndkK - djdidjdkK = gkndiTjj'' = 9ni^J^ki'^ 



(2.19) 



^ijkJ - 9 



Rfiki^^iiik {reality), 



(2.20) 



r 



Vd.gfl^-g''d.djd,K = T^^^, 



where ' stand for the Christoffel symbols of the second kind of the Kahler metric g^. 



In the first of Eqs. (2.18), a fundamental entity, the so-called kinetic matrix A/as {z,z) oi J\f — 2, 



d = 4 supergravity, has been introduced (see also Eq. (3.4.1.91 further below). It is an (ny + 1) x 
{nv + 1) complex symmetric, moduli-dependent, Kahler gauge-invariant matrix defined by the following 



fundamental Ansdtze of SKG, solving the SKG constraints (given by the third of Eqs. (2.18)): 

Ma = A^AsF^, AMa = JfA^D,L^. 
By introducing the {ny + 1) x {ny + 1) complex matrices (/ = 1, ny -t- 1) 

(z, z) = {d{L^ (z, z) , (z, z)) , hi A {z. z) = {D{Ma {z, z) , Ma (z, z)) , 



the Ansdtze (2.21 1 univoquely determine A/as {z, z) as 

A^AS {z,z) = hjA {z,z) o (/"^)^ (z, z) 



(2.21) 



(2.22) 



(2.23) 



'^Notice that the third of Eqs. (2.181 correctly defines the Riemann tensor Rfji^j, and it is actual the opposite of the 
one which may be found in a large part of existing literature. Such a formulation of the so-called SKG constraints is well 
defined, because, as we will mention at the end of Sect. |3.2| it yields negative values of the constant scalar curvature of 
{ny = 1-dim.) homogeneous symmetric compact SK manifolds. 
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where o denotes the usual matrix product, and (/^^)^ fj' = S^, // — ^^j- 

The covariantly holomorphic (2nv + 2) x 1 period vector V (z, z) is symplectically orthogonal to all 
its Kahler-covariant derivatives: 



f {V{z,z),D,V{z,z))^0; 
{V{z,z),DjV{z,z))^0; 
{Viz,z),D,V{z,z))^0; 
[ {V{z,z),D.V{z,z)) = 0. 



(2.24) 



Morover, it holds that 

g^j {z, z) - -i (d,V (z, z) , DjV (z, z) 



= -2Im (AAae {z, z)) D,L^ {z, z) DjL^ {z, z) = 2Im {Fa^ (z)) D,L^ {z, z) DjL^ {z, z) : 



(2.25) 



V {z, z) , D,D-V (z, z)) = iCjkg'''' {V (z, z) , D^V {z, z)) - 0. 



(2.26) 



3 Extremal Black Hole Attractor Equations 
in = 2, d = 4: (ungauged) Supergravity 

3.1 Black Hole Effective Potential and Criticality Conditions" Approach 

In A/" = 2, d = A supergravity the "effective BH potential" reads [51 HI IM] 

Vbh {z,z;q,p) = |Z|^ {z,z;q,p) + g'^ {z,z) D^Z {z,z; q,p) DjZ {z,z; q,p) = Ji (z, z; q,p) > 0, (3.1.1) 



where Ii is the first, positive-definite real invariant Ii of SK geometry (see e.g. 



]). It should 



be noticed that Vbh can also be obtained by left-multiplying the SKG vector identity (3.3.1.161 by 
the 1 X (2ny + 2) complex moduli-dependent vector —^QA4 (Af); indeed, since the matrix Ai (Af) is 
symplectic, one finally gets [31 HI [M] 



VBHiz,z;q,p)^^-QMiJV) 



(3.1.2) 



It is interesting to remark that the result (3.1.21 can be elegantly obtained from the SK geometry identities 



(3.3.1.161 by making use of the following relation (see [19], where a generalization for JV > 2-extended 
supergravities is also given): 

1 



{M (TV) + in)v^ inv ^ TW (TV) V = inv, 

where V is a {2nv + 2) x {nv + 1) matrix defined as follows: 

V={V,DjV,...,D^V). 



(3.1.3) 



(3.1.4) 



By differentiating Eq. (3.1.11 with respect to the moduli, the criticality conditions of Vbh can be 
easily shown to acquire the form [S] 



D.Vbh = diVBH = ^ 2ZD,Z + g" (D.DjZ) D-Z = 0. 



(3.1.5) 
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These are the what one should rigorously refer to as the J\f = 2, d = 4 supergravity Attractor Eqs. 
(AEs). 

In the present work, we will call AEs also some geometrical identities evaluated along the criticality 
conditions of the relevant "effective potential" . Indeed, both for extremal BHs attractors in A/" = 2, 
d = A supergravity and for FV attractors in J\f ~ 1, d ~ A supergravity {at least for the one coming 
from some peculiar compactifications of superstrings: see Sect. [4]), there exist two different approaches 
to determining the attractors: 

i) the so-called "criticality conditions" approach, based on the direct solution of the conditions giving 
the stationary points of the relevant "effective potential" ; 

a) the so-called "new attractor" approach, based on the solution of some fundamental geometrical 
identities evaluated along the criticality conditions of the relevant "effective potential" . 

Such two approaches are completely equivalent. Dependingly on the considered frameworks, it can 
be convenient to exploit one approach rather than the other one (see e.g. |26l for an explicit case). 



By using the relations (2.17), the M = 2 AEs (3.1.51 can be recast as follows [S]: 

D.Vbh = d.VsH = 2ZD,Z + iC^jkg'h'"'^ {D{Z) D^Z. (3.1.6) 



Eqs. (3.1.61 are nothing but the relations between the Af — 2 central charge function Z {graviphoton 
charge) and the ny matter charges Zi (coming from the riy Abelian vector supermultiplets), holding at 
the critical points of Vbh in the SK scalar manifold M.nv As it is seen, the tensor Cijk plays a key role. 

It is known that static, spherically symmetric, asymptotically flat extremal BHs in d = 4 are described 
by an effective d= \ Lagrangian ([5], |M], and also [TH] and [H]), with an effective scalar potential and 
effective fermionic "mass terms" terms controlled by the field-strength fluxes vector Q defined by Eq. 



(1.1 ). The "apparent" gravitino mass is given by Z, whereas the ny x ny gaugino mass matrix A.^ reads 
(see the second Ref. of [92 ) 

A,y = -iD.Zj = Q,fe/% = A(,,). (3.1.7) 

Note that Ay is part of the holomorphic/anti-holomorphic form of the 2ny x 2ny covariant Hessian 
of Z, which is nothing but the holomorphic/anti-holomorphic form of the scalar mass matrix. The 
supersymmetry order parameters, related to the mixed gravitino-gaugino couplings, are given by the 



matter chargef function)s D^Z = Zi (see the first of Eqs. (2.17l). 

By assuming that the Kahler potential is regular, i.e. that \K\ < oo globally in Mnv (or '^^ least at 
the critical points of Vbh), one gets that 

d.VBH = ^ 2WD,W + ie'^W^.k/'g'"'^ (p-^ D^W = 0. (3.1.8) 



3.1.1 Classification of Critical Points of Vbh 



Starting from the general structure of the criticality conditions (3.1.81 and assuming also the non- 
degeneracy {i.e. VBnlgy^^^Q > 0) condition, the critical points of Vbh can be classified in three general 
classes, analyzed in the next three Subsubsubsects.. 
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Supersymmetric (^-BPS) 

The supersymmetric ( ^-BPS) critical points of Vbh are determined by the constraints (sufficient but 



not necessary conditions for Eqs. (3.1.8 1 ) 

Z ^0,D,Z ^Oyi^ l,...,ny. 
The horizon ADM squared mass at ^-BPS critical points of Vbh saturates the BPS bound: 



M 



ADM,H^-BPS 



BH^-BPS 



g'HD,Z) D-Z 



-BPS 



= \Z\l^BPS > 0- 



(3.1.1.1.1) 



(3.1.1.1.2) 



Considering the J\f — 2, = 4 supergravity Lagrangian in a static, spherically symmetric, asymptot- 
ically flat extremal BH background, and denoting by and A* respectively the gravitino and gaugino 
fields, it is easy to see that such a Lagrangian contains terms of the form (see the second and third Refs. 
of [92]) 



{D,Z) A^V- 



(3.1.1.1.3) 



Thus, the conditions (3.1.1.1.11 imply the gaugino mass term and the Xip term to vanish at the ^-BPS 



critical points of Vbh in -Mnv- It is interesting to remark that the gravitino "apparent mass" term Zipip 
is in general non- vanishing, also when evaluated at the considered ^-BPS attractors; this is ultimately a 
consequence of the fact that the extremal BH horizon geometry at the ^-BPS (as well as at the non-BPS) 
attractors is Bertotti-Robinson AdS2 x 5^ 1^7 1 [M l [55]. 

Non-supersymmetric (non-BPS) with Z ^ 

The non-supersymmetric ( non-BPS) critical points of Vbh with non- vanishing central charge are 
determined by the constraints 



Z ^ 0, DiZ ^ 0, at least for some i G {1, ny} , 



which, substituted in Eqs. (3.1.81, yield: 



in turn implying that 



D,Z = -iC,,;,/^^- [DjZ) DrnZ, Vi = 1, 

t 



{D,Z) DjZ = -iQ.fcg'^g^'s'™ (DjZ) (DjZ) D^Z 



(3.1.1.2.1) 



(3.1.1.2.2) 



(3.1.1.2.3) 



= ^Cjj-.g^^g'^g"^' {D,Z) {DiZ) D„,Z. 

Such critical points are non-supersymmetric ones {i.e. they do not preserve any of the 8 supersymmetry 
degrees of freedom of the asymptotical Minkowski background), and they correspond to an extremal, 
non-BPS BH background. They are commonly named non-BPS Z ^ Q critical points of Vbh- 



AEs 03.1.81 ) and conditions 03.1. 1.2. 1[ ) imply 

i^^3k)non-BPS,Z^^ ^ 0, for SOmC (i, j,fc) £ {1, , 



(3.1.1.2.4) 
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By using Eq. (3.1.1.2.21 and the so-called SK geometry constraints (see the third of Eqs. (2.18)), the 
horizon ADM squared mass corresponding to non-BPS Z critical points of Vbh can be elaborated 
as follows: 



M' 



ADM,H.non-BPS,Z^Q — H jion- BP S ,Z^n — 



\Z\'+g'^D,Z) D-Z 



non-BPS, Z^O 



= < \z\ 



1 + ^i?fc™sg""3*^5"'5"^ {DtZ) (D^Z) (DjZ) D^Z^ 



1 

'2\Z\* 



{D,Z) D-Z 



non-BPS, Z^Q 

(3.1.1.2.5) 



As far as is strictly positive-definite globally (or at least at the non-BPS Z ^ critical points of 
Vbh), -^lDAf.//,„on-BPS.Z5<4o ^O'^^ saturate the BPS bound ( [9], [H], [16]): 

^ADM,H,non-BPS,Z^a ^ VBH,no7i-BPS,Z^0 = 

(3.1.1.2.6) 



|Zr + g'^ {D,Z) DjZ 



non-BPS, Z^O 



> z 



non-BPS, Z^O ' 



Starting from Eq. (3.1.1.2.5), one can introduce and further elaborate the so-called non-BPS Z ^ 



supersymmetry breaking order parameter as follows 

(0 <) Onon-BPS,Z^0 



g'^DiZ)DjZ 



2Z\Z\ 



i non-BPS, Z^O 

rC.jfcff'^gJ'g^™ (DjZ) (DjZ) D^Z 



2Z\Z\^ ij 



C^TfeS^^s'^S"' {D^Z) [DiZ) D„,Z 



non-BPS, Z^O 



non-BPS, Z^Q ' 



(3.1.1.2.7) 



where Eqs. (3.1.1.2.3) were used. Since it holds that 



non-BPS,Z=^Q 



A\Z\ 



— {DtZ) [DuZ) {DjZ) D^Z + \ 



g'-'(D,Z)DjZ 



non-BPS,Z^O 

(3.1.1.2.. 



Onon-BPS,z^i^ defined by Eq. (3.1.1.2.7) can equivalently be rewritten as follows: 

1 



non-BPS, Z^O 



A\Z\ 



5^^C,fe„Cj^5"'5""ff*^5"^ {DtZ) (D^Z) (DjZ) D^Z 



- non-BPS. Z^Q 

(3.1.1.2.9) 



Eqs. (3.1.1.2.9) imply that 



^^ADM,H,non-BPS,Z^O " VBH,non-BPS,Z^O - \Z\^non-BPS,Z^Q + C'„on-BPS,Z#o] 



= \Z\ 



3-2 



_ T^iZ) 



non-BPS, Z^O 



(3.1.1.2.10) 
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where the sectional curvature (see e.g. |100j and |101j ') 



n [Z) ^ R^^g'^g^g^cp {D,Z) [DiZ) {DjZ) D^Z 

was introduced. 

Now, by using the relations of SK geometry it is possible to show that 

DfnDiCjkl = [Dfn, Di] Cjkl — DrnD^iCj)ki — DmD(^iCjkl) — 3Cp(fe;Cij)„g""5P^C; 

t 

Cp[klCij)ng""'g^'^Crvpfn — ^g{l\mC\ijk) + Em^ijkl), 

where we introduced the rank-5 tensor 

IT) n _ _ _ 1 



(3.1.1.2.11) 



npm ^9 ( / 1 m ^1 ij k ) 



(3.1.1.2.12) 



Emijkl — EjfK^ijkl) = ^DjnDiCjkl — 7^DmD(^iCjkl) — Cp(^klCij)n9^^9^^Cnpm ~ 'k,9{l\mC\ijk) 
9™' R{i\m\j\nCn\kl) + \9{i\mC\jkl)^ 



(3.1.1.2.13) 



where the SK geometry constraints were used, as well. Now, by recalling the criticality conditions (3.1.8) 



of VbHi and by using Eq. (3.1.1.2.2), one gets that at non-BPS, Z ^ Q critical points of Vbh it holds 
that 



2ZD^Z = 

= 4i^^.(5Ht5)5^''5'^5'''5"^ {DpZ) {D,Z) {D^Z) D,Z- 
+ ^D,z) C^j^gP^g^h''^ {DpZ) (DrZ) D,Z. 



(3.1.1.2.14) 



By using Eqs. (3.1.1.2.7), (3.1.1.2.14) and (3.1.1.2.7), with a little effort it is thus possible to compute 
that 

^ADMM.non-BPS.Z^O = VBH,non-BPS,Z^O = \Z\^non~BPS,Z^O [1 + Onon-BPS,zM = 



\non-BPS,Z^Q ]^ 4 



1 S,(j^^-,ff'^5"g''g"""ff""(DjZ)(DfcZ)(Z5,2)(C„Z)n„z' 



where we defined the complex cubic form 

iV3 (Z) EE iD^Z) {D,Z) DkZ. 



non-BPS, Z^O ) 

(3.1.1.2.15) 



(3.1.1.2.16) 



Now, by comparing Eq. (3.1.1.2.15) with Eq. (3.1.1) and by recalling the definition (3.1.1.2.11), one 
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obtains the following relations to hold at the non-BPS, Z ^ critical points of Vbh- 



1 E^(Tnrrrn)9''9'"'g"g''""a""iDjZ){DkZ){DiZ)iD^Z)D„Z' 



non-BPS, Z^O 



mz) 



non-BPS, Z^Q 



g'Wikr.C-~g^'''g'"^gt-g^-{DtZ){D^Z){DjZ)Dj^Z 



non-BPS, Z^O 



(3.1.1.2.17) 



Let us now consider the case of homogeneous symmetric SK manifolds, in which the Kahler-invariant 
Riemann-ChristofFel tensor is covariantly constant|^ From this it follows that [88] : 



Drr,.R.-^.l = ^ D.Cjki = D,,C,^ki = ^ D^D,C,M = ^ D„,DjCru = 



jn-'-^i^ jkl 



i jkl 



(3.1.1.2.18) 



This implies the global vanishing of the tensor E^jj^^^, yielding 



4 _ 2 

Cp(klCij)ng™g^^Cnpm — -^9(l\rnC\ijk) ^ 9^"^ R{i\m\]\nC n\kl) = — ^9{i\mC\jkl)- (3.1.1.2.19) 



By recalling Eqs. (3.1.1.2.141 and (3.1.1.2.16), one obtains the following noteworthy relation, holding in 



homogeneous symmetric SK manifolds 

(z\zA 

\ / no: 



.-BPS,Z^^ " 6 (^)]no„-i3PS,Z^0 ^ 



implying that 



Z 



non-BPS, Z^O 



(3.1.1.2.20) 

has vanishing real part and strictly negative imaginary part, given by 



^^\^\non~BPS z^o- By recalling Eq. (3.1.1.2.91, Eq. (3.1.1.2.201 implies the value of the supersymmetry 
breaking order parameter at non-BPS, Z ^ critical points of Vbh in homogeneous symmetric SK 
manifolds to be 

Ono7i-BPS,Z^0 = 3 =^ ^non-BPS, Z^O = 0- (3.1.1.2.21) 



By recalling Eq. (3.1.1.2.15), one thus finally gets that 



MADM,H,non-BPS,Z=/^0 — VBH,7ion-BPS,Z^0 — 4 |^Uora-BPS,Z/0 



NsiZ) 



non-BPS, Z^O 

(3.1.1.2.22) 



where in the last step we used the relation (3.1.1.2.20). The result VBH,non-BPS,z^o — 4 \Z\^g„_Bps z=/^o 
has been firstly obtained, by exploiting group-theoretical methods, in [21] . 



Finally, by recaUing Eq. (3.1.1.2.17) and using Eqs. (3.1.1.2.20) and (3.1.1.2.22), one obtains the 



following relation, holding for homogeneous symmetric SK manifolds: 

'^(^)\non-BPS,Z^O ~ ~^ \^\non- B PS,Z^O ' 



(3.1.1.2.23) 



Indeed, due to the reality of Rfjf.j in any Kalilcr manifold, it holds that 
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It is worth pointing out that, while Eq. ( 3.1.1.2.f8| (holding globally) are peculiar to homoge- 
neous symmetric SK manifolds, Eqs. (3.1.1.2.20 1-(3. 1.1. 2. 23) hold in general also for homogeneous non- 
symmetric SK manifolds, in which the Riemann-ChristofFel tensor Rfji^j (and thus, through the SK 
constraints, Cijk) is not covariantly constant. Indeed, as obtained in [128 for all the considered non-BPS, 
Z ^ critical points of Vbh in homogeneous non-symmetric SK manifolds it holds that 



^,:(^^fis)ff''5''5"5'""5"" {DjZ) {D^Z) (DiZ) {D„,Z) D,,Z 



non-BPS, Z^tO 



= 0, 



(3.1.1.2.24) 



which actually seems to be the most general (necessary and sufficient) condition in order for Eqs. 



( |3.1.1.2.20| -( |3.1.1.2.23| to hold. Finally, it should be stressed that in [10 the result ( |3.1.1.2.21| ) and 

thus VBH.non-BPS.z^o = ^\^\tion-BPS z^o obtained for a generic SK geometry with a cubic holo- 
morphic prepotential (corresponding to the large volume limit of Type IIA on Calabi-Yau threefolds), 
at least for the non-BPS, Z ^{) critical points of Vbh satisfying the Ansatz 

Znon-BPS,Z^O^ P't{P^<l) ■. Vi = l,...,nv, (3.1.1.2.25) 
where the zJ^on-BPS z^q^ critical moduli, and t(p,q) is a purely charge-dependent quantity. 



Furthermore, it is worth noticing that the general criticality conditions (3.1.51 of Vbh can be recog- 
nized to be the general Ward identities relating the gravitino mass Z, the gaugino masses DiDjZ and the 
supersymmetry-breaking order parameters DiZ in a generic spontaneously broken supergravity theory 



Indeed, away from ^-BPS critical points (i.e. for DiZ ^ for some i), the AEs (3.1.51 can be 
re-expressed as follows (see also [32]): 



0, 



(3.1.1.2.26) 



ith 



and 



M,j = D,D.jZ- 



Z 



{D,Z) {DjZ) , (Kahler weights (1, -1)), 



y = g"DjZ, (Kahler weights (-1, 1)). 



(3.1.1.2.27) 



(3.1.1.2.28) 



For a non- vanishing contravariant vector (i.e. away from ^-BPS critical points, as pointed out 



above), Eq. (3.1.1.2.26) admits a solution iff the ny x ny complex symmetric matrix M^j has vanishing 
determinant (implying that it has at most ny — 1 non- vanishing eigenvalues) at the considered (non-BPS) 
critical points of Vbh (however, notice that My is symmetric but not necessarily Hermitian, thus in 
general its eigenvalues are not necessarily real). Such a reasoning holds for all non-BPS critical points 
oi Vbh, i-e. for the classes II and III of the presented classification. 

In general, non-BPS Z critical points of Vbh in -Mnv £^re not necessarily stable, because the 
2nv X 2nv (covariant) Hessian matrix (in (z, z)-coordinates) of Vbh evaluated at such points is not 
necessarily strictly positive-definite. An explicit condition of stability of non-BPS Z ^ critical points 
of Vbh can be worked out in the ny = 1 case (see [T7], [TB], ^5]). 



In general, Eqs. (3.1.1.1.3) and conditions (3.1.1.2.1) imply the gaugino mass term, the Xtp term 
and the gravitino "apparent mass" term Z^ijj to be non- vanishing, when evaluated at the considered 
non-BPS Z ^ critical points of Vbh- 
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Non-supersymmetric (non-BPS) with Z = 

The non-supersymmetric (non-BPS) critical points of Vbh with vanishing central charge are deter- 
mined by the constraints 



Z—O 

Z = 0,DiZ — diZ ^ 0, at least for some i G {1, ...,nv} ■, 



which, substituted in Eqs. (3.1.81, yield: 



ajky^'g""' (DjZ) DrnZ a^kg^'g""' (djZ) drnZ =0, = 1, ny. 



(3.1.1.3.1) 



(3.1.1.3.2) 



Such critical points are non-supersymmetric ones, but, differently from the class II considered above, they 
correspond to an extremal, non-BPS BH background in which the horizon A/" = 2, d — 4: supersymmetry 
algebra is not centrally extended. They are commonly named non-BPS Z = critical points of Vbh- 

The horizon ADM squared mass corresponding to non-BPS Z = critical points of Vbh does not 
saturate the BPS bound (f9], [M], [16]): 



MADM.H,non-BPS.Z=0 - VBH,non-BPS,Z=0 



{g^Hda)djZ} 



> 



non-BPS, Z=0 



(3.1.1.3.3) 



non-BPS, Z=a 



as far as g^^ is strictly positive-definite globally (or at least at the considered critical points of Vbh)- 



Eqs. (3.1.1.3.21 suggest the following sub-classification of non-BPS Z — O critical points of Vbh'- 
III. 1) Critical points determined by the conditions 

( Z = 0, 



z=o 



DiZ — diZ 7^ 0, at least for some i € {1, ...,ny} , 
. Cijk = 0,Vi,j, fc, 



(3.1.1.3.4) 



directly solving Eqs. (3.1.1.3.21 and thus AEs (3.1.81. This is the only possible case for ny — 1. 

In particular, non-BPS Z ~ critical points of Vbh do not exist at all in the ny = 1 case of the 
so-called ^^d-SK geometries", whose stringy origin is e.g. Type IIA on CY3 in the large volume limit of 
CY3 (see e.g. ^M,). Indeed, in such a case in special projective coordinates (with Kahler gauge fixed 
such that = 1) the holomorphic prepotential and Wijk respectively read 

T = d,jkz'7Jz^; 



Cijk — 



(3.1.1.3.5) 



and thus, for \K\ < cx3 at least at the considered critical points of Vbh, the third of conditions (3.1.1.3.4) 
cannot be satisfied. 

III. 2) Critical points determined by the conditions 

( Z = 0, 



z=o 



DiZ ~ diZ ^ 0, at least for some i G {1, ...^ny} . 
. Cijk 7^ 0, at least for some {i,j,k) € {1, ...,ny}^ , 



(3.1.1.3.6) 
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for which Eqs. (3.1.1.3.21, and thus AEs (3.1.81, are not trivially solved. 

In general, non-BPS Z ~ critical points of Vbh in -Mnv £^re not necessarily stable, because the 
2nv X 2nv (covariant) Hessian matrix (in (z, z)-coordinates) of Vbh evaluated at such points is not 
necessarily strictly positive-definite. An explicit condition of stability of non-BPS Z = critical points 
of Vbh can be worked out in the ny = 1 case |26j. 



In general, Eqs. (3.1.1.1.3 1 and conditions (3.1.1.3.1 1 imply the the Xip term to be non-vanishing and 



the gravitino "apparent mass" term Zijjip to vanish, when evaluated at the considered non-BPS Z = 
critical points of Vbh, characterized by vanishing ( class III.l) or non-vanishing (class III. 2) gaugino 
mass terms. 

Non-BPS Z ^ attractors in the so-called st^ and stu models |103l 1104] have been recently studied 
in |43], and their relation with the ^-BPS attractors has been analyzed in light of the uplift to A/" = 8, 
d = 4 supergravity. 

3.2 Stability of Critical Points of Vbh 
3.2.1 ny-Moduli 

In order to decide whether a critical point of Vbh is an attractor in strict sense, one has to consider the 
following condition: 



H^"" = H^,^" = DaDbVBH > at D,Vbh^^^ = Vc - 1, 2nv, (3.2.1.1) 



i.e. the condition of (strict) positive-definiteness of the real 2nv x 2nv Hessian matrix H^^" = H^^" of 
Vbh (which is nothing but the squared mass matrix of the moduli) at the critical points of Vbh, expressed 
in the real parameterization through the (/)-coordinates. Since Vbh is positive-definite, a stable critical 
point (namely, an attractor in strict sense) is necessarily a(n at least local) minimum, and therefore it 



fulfills the condition (3.2.1.1). 

In general, H^^" may be block-decomposed in ny x ny real matrices: 



A C 

= ( I , (3.2.1.2) 



B 

with A and B being ny x ny real symmetric matrices: 

A^ ^A, B^ = B^ [hI''"^ = Hi''". (3.2.1.3) 

In the local complex (z, z)-parameterization, the 2ny x 2ny Hessian matrix of Vbh reads 

D.DjVbh D.DjVbh 
H^bh^HVsh^, _ | = ( |, (3.2.1.4) 

DjD.Vbh D-DjVbh 

where the hatted indices i and j may be holomorphic or antiholomorphic. H^^" is the matrix actually 
computable in the SKG formalism presented in Sect. |2](see below, Eqs. (3.2.1.61 and (3.2.1.71). 

In general, ^-BPS critical points are (at least local) minima of Vbh, and therefore they are stable; 
thus, they are attractors in strict sense. Indeed, the 2ny x 2ny (covariant) Hessian matrix H^'^" 
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evaluated at such points is strictly positive-definite [S] : 



(D.DjVbh)!, 



-BPS 



ididjVBH)i_ 



BPS 



0, 



-BPS 



BH 



= 2 



\-BPS 



-BPS 



(3.2.1.5) 



where here and below the notation "> 0" ("< 0") is understood as strict positive-(negative-)definiteness. 
The Hermiticity and (strict) positive-definiteness of the (covariant) Hessian matrix H^'^" at the i-BPS 
critical points are due to the Hermiticity and - assumed - (strict) positive-definiteness (actually holding 
globally) of the metric gfj of the SK scalar manifold being considered. 

On the other hand, non-BPS critical points of Vbh does not automatically fulfill the condition 



(3.2.1.11, and a more detailed analysis |3T1[TH] is needed. 

Using the properties of SKG, one obtains: 



D^D.Vbh = DjD.Vbh = ^iZC^jkg"'' {Dj:Z) + i {D,Cm) g^'g'' (D^Z) {DjZ 



(3.2.1.6) 



AT- = D,DjVbh = D-D,Vbh = 2 



g-^\Z\' + {D,Z){DjZ\+g'^C,kiC- 



gkk gmm ^ 



(3.2.1.7) 



with DjCiki given by Eq. (2.191. Clearly, evaluating Eqs. (3.2.1.6) and (3.2.1.71 constrained by the 



i-BPS conditions DiZ = 0,Vi = l,...,nY, one reobtains the results (3.2.1.5). Here we limit ourselves 



to point out that further noteworthy elaborations of Mij and Affj can be performed in homogeneous 
symmetric SK manifolds, where DjCtki = globally [21 , and that the Kahler-invariant (2,2)-tensor 
g'-^dkiC^j^ can be rewritten in terms of the Riemann-ChristofFel tensor R^j^fn by using the so-called 



SKG constraints" (see the third of Eqs. (2.18)) [18 . Moreover, the differential Bianchi identities for 



^ilkm ™ply M-ij to be symmetric (see comment below Eqs. (2.18) and (2.19l) 



Thus, one gets the following global properties: 



implying that 



H,r 



— Hf, 



(3.2.1. 



(3.2.1.9) 



It should be stressed clearly that the symmetry but non-Hermiticity of H^^" actually does not matter, 
because what one is ineterested in are the eigenvalues of the real form H^^" , which is real and symmetric, 
and therefore admitting 2ny real eigenvalues. 



The relation between H^^" expressed by Eq. (3.2.1.2) and hY^" given by Eq. (3.2.1.4) is expressed 



by the following relations between the ny x ny sub-blocks of H^^" and H^'^" [T71 129j : 

M = \{A-B) + \{C + C'^); 



(3.2.1.10) 
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or its inverse 



A = ReM + ReU] 
B = ReJV~ReM: 



(3.2.1.11) 



C = ImM - ImAf. 

The structure of the Hessian matrix gets simphfied at the critical points of Vbh, because the covariant 
derivatives may be substituted by the flat ones; the critical Hessian matrices in complex holomorphic/an- 
tiholomorphic and real local parameterizations respectively read 



dVBH=0 



djd^VsH 



dtdjVBH 



djdjVBH 



(3.2.1.12) 



dVBH=0 



dVBH=0 



^ B^Vbh 

dVBH=0 



dVBH=0 



A C 
B 



(3.2.1.13) 



dVBH=a 



Thus, the study of the condition (3.2.1.11 finally amounts to the study of the eigenvalue problem of 



the real symmetric 2nv x 2riy critical Hessian matrix H'^^" 



dVBH=0 



given by Eq. (3.2.1.131, which is 



given by Eq. (3.2.1.121 



the Cayley-transformed of the complex (symmetric, but not necessarily Hermitian) 2nv x 2nv critical 
Hessian hX"" 

dVBH=0 

3.2.2 1-Modulus 

Once again, the situation strongly simplifies in ny = 1 SKG. 

Indeed, for ny = 1 the moduli-dependent matrices A, B, C, Ai and Af introduced above are simply 
scalar functions. In particular, M is real, since C trivially satisfies C — . The stability condition 



(3.2.1.11 can thus be written as 



H^^" =DaDbVBH> 0, ia,b^ 1,2) at D.Vbh^'^^^O Vc=1,2, 



and Eqs. (3.2.1.6) and (3.2.1.71 respectively simplify to 



M = D^Vbh = AiZCg-^DZ + i (DC) g-^ (DZy 



(3.2.2.1) 



(3.2.2.2) 



Af = DDVbh = DDVbh = 2 



g\Z\' + \DZ\' + \C\'g~^\DZ\ 



DC being given by the case ny = 1 of Eq. (2.19 1 



DC^dC+ [{dK) + 3T]C^dC+ [{dK) - 3dln (g)] C = |a + 

where the ny = 1 Christoffel connection 

T^-g-'dg^-dln{g) 



din 



{ddKy 



(3.2.2.3) 



(3.2.2.4) 



(3.2.2.5) 



23 



was used. It is easy to show that the stability condition (3.2.2.11 for critical points of Vbh in ny = 1 
SKG can be equivalently reformulated as the strict bound 



dVBH=o > l-^laVi5„=o ■ 



(3.2.2.6) 



Let us now see how such a bound can be further elaborated for the three possible classes of critical points 
of Vbh- 



i-BPS 



J^l-BPS = DDVbh\i_bps 



[iZD^Z + g'^ (D^Z) DZ] i 



-BPS 



(3.2.2.1.1) 



2g\Zf + g-^ \D^Z\ 



^ '2-[g\z\ , 

k-BPS V / i-BPS 



(3.2.2.1.2) 



Eqs. (3.2.2.1.11 and (3.2.2.1.2) are nothing but the l-modulus case of Eq. (3.2.1.51, and they directly 
satisfy the bound (3.2.2.61. Thus, consistently with what stated above, the ^-BPS class of critical points 



of Vbh actually is a class of attractors in strict sense (at least local minima of Vbh)- 



Non-BPS, Z^O 



Mnon-BPS,Z^a = D Vb h\ gpsz^g = 

^ -2i^g-^ZDZ g-^\C\^ Dln{Z) + gDln{C) | 



i\^Cg-^{DZ)^ g-^\C\^ Dln{Z)+gDln{C) } 



I non-BPS,Z^Q 



non-BPS,Z^O 



J^non-BPS.Z^O = D DVbh\,^„^_ gp g = D DVb h\^^^_ p p g z^^ 



^2{\DZ\' [l+|g-3|q2]| 



non-BPS,Z^a 



Eq. ( |3.2.2.2.1[ ) yields that 

|2 



\-^\non-BPS,Z=tQ ~ 

= a[\DZ\^ [|C|^ ff-^ + \g^^ \DC\^ + 2g-^Re [C (DC) Din (Z)]] } 



(3.2.2.2.1) 



(3.2.2.2.2) 



non-BPS,Z^a 



(3.2.2.2.3) 
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By substituting Eqs. (3.2.2.2.21 and (3.2.2.2.3) into the strict inequality (3.2.2.61, one finally obtains the 
stability condition for non-BPS, Z critical points of Vbh in ny — 1 SKG [T7] : 



non-BPS, Z^O > |-^| 



non-BPS, Z^O ■ 



(3.2.2.2.4) 



4 V / non-BPS, Z^O 



\C\^ + ^g-^ \DCf + 2g-3Re [C {DC) {DlnZ)] 



non-BPS, Z=jtO 

(3.2.2.2.5) 



As it is seen from such a condition, in general {DC)^^^_gpg ^-^q is the fundamental geometrical quantity 
playing a key role in determining the stability of non-BPS, Z ^ critical points of Vbh in 1-modulus 
SK geometry. 

Non-BPS, Z = 



Mnon-BPS.Z=0 = D'^VbhI ^ ... ^ „ = « 



\non-BPS.Z=0 



g-2 (dC) (dZ) 



non-BPS, Z=0 



•^non— 



non-BPS, Z=0 



DDVbh 



non-BPS, Z 



.0 = 2 |5Z|L„, 



BPS,Z=0 ' 



where Eqs. (3.1.1.3.61 and (3.1.1.3.41 have been used. Eq. (3.2.2.3.1) yields that 



non-BPS, Z=0 



g-' \dc\ m 



non-BPS, Z=Q 



(3.2.2.3.1) 
(3.2.2.3.2) 

(3.2.2.3.3) 



By substituting Eqs. (3.2.2.3.2) and (3.2.2.3.3) into the strict inequality (3.2.2.6), one finally obtains the 



stability condition for non-BPS, Z = critical points of Vbh in ny = 1 SKG: 

Kion-BPS,Z=0 > \-M\non-BPS,Z=0' 
t 

'^gnon-BPS,Z=0 > \(^(^\non-BPS,Z=a ' 



(3.2.2.3.4) 
(3.2.2.3.5) 



Even though the stability condition (3.2.2.3.5) have been obtained by correctly using Eqs. (3.1.1.3.6) 



and (3.1.1.3.4), holding at the non-BPS, Z = critical points of Vbh, in some cases it may happen that. 



in the limit of approaching the non-BPS, Z — critical point of Vbh, in DC (given by Eq. (3.2.2.4)) the 



connection term" [{dK) + 3T] C is not necessarily sub-leading with respect to the "differential term" 
'C. Thus, the condition (3.2.2.3.5) can be rewritten as follows: 

2 {ddK)l^,,_BPS,z=o > + i(9K) - 3dln {g)]} Cl^^_^ps,z^, = 

(3.2.2.3.6) 

non-BPS, Z=0 











din ( 7^2^ ) 
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Remark 



Let us consider the l-modulus stability conditions (3.2.2.2.4 1 and (3.2.2.3.5 1- 3.2.2.3.6 1. It is immediate 



to realize that they are both satisfied when the function C is globally covariantly constant: 

DC^dC+ [{dK) + 3r] C = 0, 



(3.2.2.4.1) 



for the so-called homogeneous symmetric {dime — ny = 1) SK geometry [STJ IHH], univoquely 
associated to the coset manifold ^ttttt^. Such a SK manifold can be twofold characterized as: 



U(l) 



i) the n = element of the irreducible rank-1 infinite sequence u^\)^su\i+n) ("^ith ny — n + rank = 
n+1), or equivalently the n — —2 element of the reducible rank-3 infinite sequence "^^(i)^"* sof^0SO{2+n) 
(with ny = n + rank = n + 3). In such a case, "^^l"^'-)^'* is endowed with a quadratic holomorphic 
prepotential function reading (in a suitable projective special coordinate, with Kahler gauge fixed such 
that X° — 1; see [21] and Refs. therein) 



m = Uz'- 1) 



(3.2.2.4.2) 



By recalling the first of Eqs. (2.18 1, such a prepotential yields C = globally (and thus Eq. (3.2.2.4.1 1) 



and therefore, by using the SKG constraints (i.e. the third of Eqs. (2.18l) it yields also the constant 
scalar curvature 



7^ = g-^R 



(3.2.2.4.3) 



where R = i?]^X]^x denotes the unique component of the Riemann tensor. As obtained in [21 , quadratic 
(homogeneous symmetric) SK geometries only admit i-BPS and non-BPS, Z ~ critical points of 
Vbh- Thus, it can be concluded that the 1-dim. quadratic SK geometry determined by the prepotential 



(3.2.2.4.2) admits all stable critical points of Vbh- 



a) the rank-1 s = t = u — z degeneration of the so-called stu model |103l 1104] (n = element of 



the reducible rank-3 infinite sequence 



SUjlS) 



SO(2,2+n) 



-JHTr so(2)(ssO(2+n) )^ or cquivaleutly the rank-1 s ^ t = z 
degeneration of the so-called st^ model {n — —1 element of '^^(^')"'"'* sof2)0SOi2+n) ) ' ^ ^^-^ 

isolated case in the classification of homogeneous symmetric SK manifolds (see e.g. |105j ). In such a 



case. 



SUjl.l) 
(7(1) 



is endowed with a cubic holomorphic prepotential function reading (in a suitable projective 



special coordinate, with Kahler gauge fixed such that = 1; see e.g. [H] and Refs. therein) 

T{z) = Qz^, geC, (3.2.2.4.4) 



constrained by the condition Im (z) < 0. It admits an uplift to pure J\f — 2 supergravity in d = 5. By 
recalling the first of Eqs. (2.18), such a prepotential yields C = 6ge^ (and thus Eq. (3.2.2.4.1)), and 



consequently it also yields the constant scalar curvature 

TZ = g-^R^g-^ (-2g^ + g-' \C\' 



(3.2.2.4.5) 



|2 -3 

9 ^ 



where the SKG constraints (i.e. the third of Eqs. (2.18)) and the global valucj^ |C| 
used. As it can be computed (see e.g. (321), the 1-dim. SK geometry determined by the prepotential 



I have been 



^The global value |C|^ 9 ^ = $ for homogeneous symmetric cubic riy = 1 SK geometries is yielded by the ny = 1 case 



ofEq. ([ 



3.1.1.2.19L 
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(3.2.2.4.4) admits, beside the (stable) ^-BPS ones, stable non-BPS Z critical points of Vbh- Thus, 
it is another example in which all critical points of Vbh actually are attractors in a strict sense. 

Clearly, the quadratic and cubic homogeneous symmetric 1-modulus SK geometries (respectively 



determined by holomorphic prepotentials (3.2.2.4.21 and (3.2.2.4.41) are not the only ones (with ny — 1) 
admitting stable non-BPS critical points of Vbh- For instance, as studied in [26 , the 1-modulus SK 
geometries of the moduli space of the (mirror) Fermat CY^ quintic A4'^ and octic Mg admit, in a suitable 
neighbourhood of the LG point, stable non-BPS (Z ^ 0) critical points of Vbh- 

It is worth remarking that recent works [SSlEHlllS] gave a complete treatment of the issue of stability 
of non-BPS attractors in the framework of homogeneous SKGs, finding that the massless modes of the 
non-BPS Hessian matrix actually are "flat directions" of Vbh at the considered class of critical points. 
This means that non-BPS attractors in J\f — 2, d — A supergravity have a related moduli space, spanned 
by those moduli which are not stabilized at the BH horizon. However, it should be pointed out that 
such an emergence of moduli spaces do not violate the Attractor Mechanism and/or the determinacy of 
BH thermodinamical properties, because the non-BPS BH entropy simply does not depend on the scalar 
degrees of freedom spanning the moduli space of the considered class {Z ^ or Z — 0) of non-BPS 
critical points of Vbh- Such considerations hold also for J\f > 2-extended, d — A supergravities (where 
also BPS attractors can have a related moduli space), and in general in all theories with an homogeneous 
(not necessarily symmetric) scalar manifold [551 HUl H51 

3.3 M = 2, d = A General Formulation 
3.3.1 Special Kahler Geometry Identities 

We will now derive some important identities of the SK geometry |1061 |9j [HI [17l [TBI EH] of the scalar 
manifold of A/" = 2, d = A ungauged supergravity. Such identities extend the results obtained by Ferrara 
and Kallosh in [3]. 

Let us start by considering the covariant antiholomorphic derivative of Z; by recalling the definition 



(2.2) and using the second of Ansdtze (2.21 1, one gets 

DjZ = qADjL^ - p^NaaD-Z^. 
The contraction of both sides with (f^ DiL^ then yields 



(3.3.1.1) 



(3.3.1.2) 



By exploiting the symmetry of Aas and its inverse (see Eq. (2.23) and Eq. (3.4.1.9) further below, as 
well), recalling the first of the Ansatze (2.21 ), and using the result of SK geometry (see e.g. [64j ) 



-1|AS 



(3.3.1.3) 
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Eg. ( 3. 3. 1^2] ) can be further elaborated as follows: 



g'^D,L^) DjZ ^ qA ~\{ImM) 



= -\ (IrnAA)-^!^^ - {L^qt, - Map"") + \ {ImUy'^'''^ {Re^AA) + fp^ = 



-1|SA 



L L' 



■P^K 



AA 



-1|SA 



L 



1|SA , 



^p^ - L^Z + i [ImMy'^'^'^ (ReMAA) P^~h {ImM) 



-1|SA 



^1|SA 



gA- 



Now, by subtracting to the expression (|3.3.1.4p its complex conjugate, one gets 
p^ = 2i?e 



-21 m 



ZL^+g'^D,Z) DjL 



(3.3.1.4) 



(3.3.1.5) 



On the other hand, by using the second of Ansatze (2.211, the contraction of both sides of Eq. 
(13.3.1.1 1 with g'^^DjM^ analogously yields 

(i^.Ms) 'DjZ = q^g^ {D,M^) D-Z^ - p'^UkaQ^' {D,M^) D-Z^ = 



gAff^^A^EA {D^L^) DjL - p^AAAAff^^EH {D,L^) D-L 



(3.3.1.6) 



Once again, by exploiting the symmetry of Aas and its inverse, recalling the first of the Ansatze (2.21 1 



and using Eq. (3.3.1.3), Eq. (3.3.1.61 can be further elaborated as follows: 
g^ {D,M^) DjZ - ^aATsa {ImUy'^^'' - L^L^^ 



-P^AAaaATse 



= -i (JmAA)-^!^^ {ReAfj^A) QA + f-Zs - M^Z + \ {ImAfy'^~'^ {ReN^^) {ReNAA)p^ + \ {ImJ^A^)p 



1|HA 



-1\SA 



(3.3.1.7) 



Thence, by subtracting to the expression (3.3.1.71 its complex conjugate, one gets 



gA = 2Re 



iZMa + ig'' {D,Z) DjMa 



-21 m 



ZMa + g'' {D,Z) DjMa 



(3.3.1.8) 



By expressing the identities (3.3.1.5) and (3.3.1.8) in a vector Sp{2nv + 2)-covariant notation, one 
finally gets 



p.. 
QA 



-21 m 



Z 



Ma 



g^'D^z 



D-L 



DjMa 



or in compact form 



-2/to 



ZV-}-g'^D,Z) DjV 



(3.3.1.9) 



(3.3.1.10) 



where we recalled the definitions (1.1) and (2.4) of the {2nv + 2) x 1 vectors and V, respectively. 



It is worth pointing out that the vector identity (3.3.1.10) has been obtained only by using the 



properties of the SK geometry. The relations yielded by the identity (3.3.1.10) are 2riy + 2 real ones 



but they have been obtained by starting from an expression for DjZ, corresponding to ny complex. 
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and therefore 2ny real, degrees of freedom. The two redundant real degrees of freedom are encoded 



in the homogeneity (of degree 1) of the identity (3.3.1.101 under complex rescalings of the symplectic 



BH charge vector Q; indeed, by recalling the definition (2.2) it is immediate to check that the r.h.s. of 



identity (3.3.1.101 acquires an overall factor A under a global rescaling of Q of the kind 

Q — >\Q, A e C. 



(3.3.1.11) 



The summation of the expressions (3.3.1.41 and (3.3.1.71 with their complex conjugates respectively 
yields 



1|AS 



(3.3.1.12) 



-1|AS 



2Re ZMa + g'^ {D,Z) DjMa 



(3.3.1.13) 



In order to elaborate a shorthand notation for the obtained SKG identities (3.3.1.5), (3.3.1.8) and 



(3.3.1.12), (3.3.1.13), let us now reconsider the starting expressions (3.3.1.4) and (3.3.1.7), respectively 



reading 



(3.3.1.14) 



(/mAA)-^l^^ {RcUas) ReU^A + Im^As P^ + Sf + i {ImNY'^'^'^ RcNaa 



-1|AS 



= -2iMAZ - 2ig^^ DjZ D,Ma 



(3.3.1.15) 



Thus, the identities (3.3.1.14) and (3.3.1.15) may be recast as the following fundamental (2ny + 2) x 1 
vector identity, defining the geometric structure of SK manifolds |106L O HH HZl UH US '■ 

- ieM (TV) = -~2iVZ - 2ig'^ (%^) D^V. (3.3.1.16) 

The {2nv + 2) x {2nv + 2) real symmetric matrix M (TV) is defined as [64ll3ll4] 

A^/AA A^/n A/- r An ( ImN + {ReN) {ImNy^ ReM - {ReN) {ImNy^ \ ,oo11-7^ 
M{N)=M (ReAf, ImN) ^ ^ j , (3.3.1.17) 



where TVas is defined by Eq. ( 2.23[ ). It is worth recalling that M. (TV) is symplectic with respect to the 
symplectic metric e, i.e. it satisfies {{M. (TV))"^ — M (TV)) 



M (AA) eM {U) 



(3.3.1.18) 
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By using Eqs. (|2j]), ( |2.24[ ), ( |2.25| and ( |2.26| ), the identity ( |3.3.1.16[ ) imphes the following relations: 

f {V,Q^-ieM{N-)Q^)^~2Z; 

{V, ~ leM (JV) Q^) = 0; 

{D,V, - itM (M) Q^) = 0; 

^ (DjV, - teM (JV) Q^) = -2DjZ. 
There are only 2ny independent real relations out of the 4riy + 4 real ones yielded by the 2ny + 2 



(3.3.1.19) 



complex identities (3.3.1.161. Indeed, by taking the real and imaginary part of the SKG vector identity 



(3.3.1.161 one respectively obtains 
= ~2Re 



iZV + ig'i [D-Z] DiV 



= -2Im 



ZV + g^'{DiZ) D-V 



(3.3.1.20) 



eM {U) = 2Im 



iZV + ig'^ 



D,V 



= 2Re 



ZV + g'i {D,Z) DW . (3.3.1.21) 



Consequently, the imaginary and real parts of the SKG vector identity (3.3.1.161 are linearly dependent 
one from the other, being related by the {2nv + 2) x {2nv + 2) real matrix 



eM {Af) 



{ImNy^ReAf 



ImAf + {ReN) {ImNY' ReAf - (ReAf) [ImAfy 
Put another way, Eqs. ( |3.3.1.20| and ( |3.3.1.21[ ) yield 



Re 



ZV + g' 



D,V 



= eM {JV) Im 



ZV + g' 



D,y 



(3.3.1.22) 



(3.3.1.23) 



expressing the fact that the real and imaginary parts of the quantity ZV + g*^ iDjZ) DiV are simply 



related through a finite symplectic rotation given by the matrix eM (Af) (see Eq. (3.4.1.101 further 



below), whose simplecticity directly follows from the symplectic nature of (Af). Eq. (3.3.1.231 reduces 
the number of independent real relations implied by the identity (3.3.1.16) from Any + 4 to 2ni 



Two additional real degrees of freedom are scaled out by the complex rescaling (3.3.1.11) 



This is clearly consistent with the fact that the 2nv + 2 complex identities (3.3.1.16) express nothing 



but a change of basis of the BH charge configurations, between the Kahler-invariant 1 x (2ny + 2) 
symplectic (magnetic/electric) basis vector Q defined by Eq. ( |1.1[ ) and the complex, moduli-dependent 
1 X (ny + 1) matter charges vector (with Kahler weights (1, —1)) 



Z (Z, Z) EE (Z (z, z) , Zi (z, z)),= i_..._„^. 



(3.3.1.24) 



It should be recalled that the BH charges are conserved due to the overall (t/(l))"^ gauge-invariance 
of the system under consideration, and Q and Z (z,z) axe two equivalent basis for them. Their very 



equivalence relations are given by the SKG identities (3.3.1.16) themselves. By its very definition (1.1 ) 



Q is moduli-independent (at least in a stationary, spherically symmetric and asymptotically flat extremal 
BH background, as it is the case being treated here), whereas Z is moduli-dependent, since it refers to the 
eigenstates of the Af = 2, d = A supergravity multiplet and of the ny Maxwell vector supermultiplets. 
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3.3.2 "New Attractor" Approach 



The evaluation of the (real part of the) fundamental SK geometrical identities (3.3.1.91 and (3.3.1.10) 
along the constraints determining the various classes of critical points of Vbh in -Mnv allows one to obtain 
a completely equivalent form of the AEs for extremal (static, spherically symmetric, asymptotically flat) 
BHs in TV = 2, d = 4 ungauged supergravity, which may be simpler in some cases (see also for the 
treatment of an explicit case). 



I) Supersymmetric ( ^-BPS) critical points. By evaluating the identities (3.3.1.9) and (3.3.1.10) along 



the constraints (3.1.1.1.1), one obtains 




or in compact form 



-2Im 



= -2Im 




(3.3.2.1) 



^-BPS 



l-BPS 



Eqs. (3.3.2.1) and (3.3.2.2) are equivalent, purely algebraic forms of the ^-BPS extremal BH AEs, 



given by the (partly differential) conditions (3.1.1.1.1). By inserting as input the BH charge configuration 
Q = (p^,q\] and the covariantly holomorphic sections and M\ of the t/(l)-bundle over Adnvj 



Eqs. (3.3.2.1) and (3.3.2.2) give as output (if any) the purely charge-dependent ^-BPS critical points 



-SP5 



BPS 



{p,q)] of Vbh- 



By looking at Eqs. (3.3.2.1 ) and (3.3.2.2), it is easy to realize that 5-BPS critical points of Vbh with 



Z = (which are degenerate, yielding Vbh ^-bps ~ ^) correspond to the trivial case of all vanishing 
magnetic and electric BH charges. This means that (static, spherically symmetric, asymptotically flat) 
extremal BHs with ^-BPS attractor horizon scalar configurations with Z = {i.e. with no central 
extension of the A/" = 2, d = 4 horizon supersymmetry algebra) cannot be described by the classical 



extremal BH Attractor Mechanism encoded by Eqs. (3.3.2.1 ) and (3.3.2.2). They are a particular case 



of the so-called "small" extremal BHs, which are classically degenerate, acquiring a non- vanishing, finite 
horizon area and entropy only taking into account quantum/higher-derivative corrections. 



It is worth pointing out that Eqs. (3.3.2.1) and (3.3.2.2) are purely algebraic ones, whereas Eqs 



(3.1.1.1.1) are (partly) differential, thus, in general, more complicated to be solved. Consequently, at 
least in the 5-BPS case, the "new attractor" approach is simpler of the "criticality conditions" approach 
to the search of critical points of Vbh- 



II) Non-BPS Z ^ Q critical points. By evaluating the identities (3.3.1.9) and (3.3.1.10) along the 
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constraints (3.1.1.2.11 and (3.1.1.2.21, one obtains 



QA 



= 2/m <^ e^^'/2 



^ I + -2ik^Trk9''9"9'"' {D,Z) {D,Z) 

Fa J V A^^A 



non-BPS,Z^O 



(3.3.2.2) 



or in compact form 

Q^ = 2/m|e^/2 



non~BPS,Z^O 



(3.3.2.3) 



Eqs. ( 3.3.2.2[ ) and (3.3.2.3 1 are equivalent forms of the non-BPS Z ^ extremal BH AEs, given by the 



(partly differential) conditions (3.1.1.2.1 1 and (3.1.1.2.2). By inserting as input the BH charge configura- 
tion Q, the covariantly holomorphic sections and Ma, the Kahler potential K (and consequently the 
contravariant metric tensor 5*^) and the completely symmetric, covariantly holomorphic rank-3 tensor 
Cijk, Eqs. (3.3.2.2) and (3.3.2.3) give as output (if any) the purely charge-dependent non-BPS Z 
critical points (^zlon-BPS,z^o (P^ 1) ^Kon~BPS,z^a (P^ l)) of Vbh- Notice that, differently from Eqs. 
( |3.3.2.1| and ( |3.3.2.2| ), Eqs. ( |3.3.2.2| and ( |3.3.2.3| ) are not purely algebraic. Thus, in the non-BPS Z ^0 
case the (computational) simplification in the search of critical points of Vbh obtained by exploiting the 
"new attractor" approach rather than the "criticality conditions" approach is model-dependent. 



It is interesting to point out that, as it is evident by looking for instance at Eq. (3.3.2.3 ), at the non- 



BPS Z ^ critical points of Vbh the coefficients of 11 and -Dill in the AEs have the same holomorphicity 
in the central charge Z, i.e. they can be expressed only in terms of Z and DiZ, without using Z and 
D^j^Z. Such a fact does not happen in a generic point of M.n^, as it is seen from the global identity 



(3.3.1.10). As it is evident, the price to be paid in order to obtain the same holomorphicity in Z at 



the non-BPS Z ^ Q critical points of Vbh is the fact that the coefficient of -Dill is not linear in some 
covariant derivative of Z any more, also explicitly depending on the rank-3 covariantly antiholomorphic 
tensor Cjjj:. 



Ill) Non-BPS Z — critical points. By evaluating the identities (3.3.1.9) and (3.3.1.10) along the 



constraints (3.1.1.3.1) and (3.1.1.3.2), one obtains 



= 2/m 



3- [djZ 




(3.3.2.4) 



non-BPS, Z=0 



or in compact form 



= 2/m|( 



.K/2 



(d-z 



) ^^^1 } 



non-BPS,Z=Q 



(3.3.2.5) 



32 



Eqs. (3.3.2.4) and (3.3.2.5) are equivalent forms of the non-BPS Z = extremal BH AEs, given 



by the (partly differential) conditions (3.1.1.3.1) and (3.1.1.3.2). By inserting as input the BH charge 



configuration Q, the covariantly holomorphic sections and M\, and the Kahler potential K (and 
consequently the contravariant metric te 
the purely charge-dependent non-BPS Z 



consequently the contravariant metric tensor g^^), Eqs. (3.3.2.4) and (3.3.2.5) give as output (if any) 

critical points ^ 



z, 



non-BPS, Z. 



.0 l) ' ^n. 



on-BPS. 



of Vbh- Differently from Eqs. (3.3.2.1) and (3.3.2.2), and similarly to Eqs. (3.3.2.2) and (3.3.2.3), Eqs 



(3.3.2.4) and (3.3.2.5) are not purely algebraic. Thus, in the non-BPS Z — case the (computational) 



simplification in the search of critical points of Vbh obtained by exploiting the "new attractor" approach 
rather than the "criticality conditions" approach is model-dependent. 

3.4 Type IIB Superstrings on CY^ 
3.4.1 Hodge Decomposition of 



We consider Type IIB superstring theory compactified on a Calabi-Yau threefold {CY3) |107|,ll08l l64 l l66]. 
determining an effective J\f — 2, d ~ A ungauged supergravity with a number ny of Abelian vector 
multiplets. Within such a framework, the CY^ has a complex structure (CS) moduli space (of complex 
dimension ny — ^2,1 = dim [H^'^ (CYs)), where H^'^ is the (2, l)-cohomology group of the considered 
manifold), which is a special Kahler (SK) manifold. 

We introduce £p^&3-dim. real (manifestly symplectic-covariant) basis of the third reap] cohomology 
(CYs, M), given by the set of real 3-forms {ctA, /3^} (A = 0,1,..., /i2,i throughout) satisfying 

aA A as = 0, 



(3.4.1.1) 



ICY3 JCY3 JcY3 

By Poincare-duality on CY^, we may correspondingly introduce the 63-dim. real (manifestly symplectic- 
covariant) basis of the third real homology H3{CY3,'R), given by the set of real 3-cycles {A^,B\} 
satisfying 

JA'' J JBa JBa 

The CI3 is endowed with a (nowhere-vanishing) holomorphic 3-form 



(3.4.1.2) 



(3.4.1.3) 

l,...,/i2^i throughout), and 



(z) = (z) at, - Fa (z) (3^ e i/^.o (^^^^ ^ 

where "z" denotes the functional dependence on the CS moduli {i - 

{X^, Fa} stands for the basis of symplectic holomorphic fundamental periods of around the 3-cycles 
\^A^,Ba}, respectively: 

X''{z)= f f^3(z), Fa(z)= / n^iz). (3.4.1.4) 
r^a, as well as its fundamental periods, has Kahler weights (2,0): 

Djn^ = djn^ = 0, 



(3.4.1.5) 



^"^63 = 2/i2,i -I- 2 is the so-called third Betti number of the CY^. 

^^In the strict quantum regime, one should consider the third integer cohomology {CY-i,Z). The present 
(semi)classical treatment deal with the large charges limit and thus consistently consider real, unquantized, rather than 
integer, quantized quantities. 

^^Recall that the A ("wedge") product among odd-forms is odd, whereas the one among even-forms (and among odd- 
and even-forms) is even. 
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where K is the real Kahler potential in the /i2.i-dini. SK CS moduli space of CY3. 
Type IIB compactified on CY3 is characterized by a real 5-forni 

Z = J^^aA-gAp^, (3.4.1.6) 

where JF^ is the space-time 2-form given by the Abelian field-strengths (A = pertains to the gravipho- 
ton, whereas A ~ i corresponds to the Maxwell vector supermultiplets) , and Q\ is the corresponding 
"dual" space-time 2-form, in the sense of Legendre transform: 

SH 1 
g^= — = (ReN^^) .F^ + - (/mTVAs)* T^". (3.4.1.7) 

*JF^ denotes the Hodge *-dual of JF^, defined in components as follows (the space-time indices /i, v run 
0, 1, 2, 3 throughout): 

= = ^G'^^G"'" e^^ypcTxri (3.4.1.8) 

where e^^po- is the d = 4 completely antisymmetric Ricci-Levi-Civita tensor, and G^^ is the d = A space- 
time completely contravariant metric tensor. C stands for the (bosonic sector of the) M — 2, d — A 
ungauged supergravity Lagrangian density: 

(3.4.1.9) 

The Hodge ^-duality acts as a symplectic Sp{2hi 2 + 2,M) rotation on the basis 

50 " ( ' ^^-'^ ' ^"^'^ ^ (3.4.1.10) 



where e is the (2/ii 2 + 2)-dim. symplectic metric defined in Eq. (2.3), A4 (Af) is the real, symplectic 



matrix defined by Eq. (3.3.1.171. Notice that S is nothing but the opposite of the matrix given by Eq. 



(3.3.1.221. It can be shown that Z is Hodge *-self-dual: 

*Z = Z. (3.4.1.11) 

Whenever the relevant integrations over internal manifold CY3 and over space-time make sense, 
manifestly symplectic-covariant magnetic and electric charges can be introduced as the asymptotical 
"space-dressings" of a suitable contraction of Z over the symplectic 3-cycles of CY3, i.e. as the asymp- 
totical fluxes of the space-time 2-forms corresponding to the components of Z along the symplectic basis 
{A^,Ba} of H3 iCY3,R), respectively: 

^ 4^ /b.x5^ Z=h Ib^.S^^ (•^''"S - = ^ Js.^ g\ 

(3.4.1.12) 

where S"^ denotes the 2-sphere at spatial infinitjj^ 

^^Consistently with (a proper subset of) the solutions of = 2, d = 4 ungauged supergravity, the space-time metric is 
assumed to be static, spherically symmetric, and asymptotically flat. In such a framework, "spatial infinity" corresponds 
to r — > 00, where r is the radial coordinate. 
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{p^iQa} can be seen as the components (along the real symplectic basis {q;a,/3^} of {CY^, 
of the real flux 3-form Hs, defined as the asymptotical "space-dressing" of Z: 



Air Jg2 



(3.4.1.13) 



{p^, Qa} are the physical charges, and they are conserved, due to the overall {U{1))'^^'^'^^ gauge symmetry 
of the considered framework. They respectively are the magnetic and electric charges of the {U{1))^^'^'^^ 
gauge group of the (symplectic) real parameterization of H'^ (CY^,M.), which however is not the only 
possible one. 

Indeed, in general the third real cohomology (CY^jM.) can be Hodge-decomposed along the third 
Dalbeault cohomogy of CY^ as follows: 

{CY3,R) = H^^° {CY3) ®s H^-^ {CY3) ®s H^'^ (CFg) (C^s) , (3.4.1.14) 

corresponding to perform a change of basis from the symplectic real basis to the Dalbeault basis: 

{aA,/3^} ^ {n^,D,n^,DrSlA] ■ (3.4.1.15) 



The subscript "s" in in Eq. (3.4.1.141 stands for the semidirect cohomological sum, due to the fact 



that (some of the) cohomologies in the r.h.s. of the Hodge decomposition (3.4.1.141 have non-vanishing 



intersections. Indeed, as it can be checked by recalling Eqs. (2.241, (2.251 and (3.4.1.1), the following 
results hold: 

/^y-^ rig A = 0, /py^ ris A A^^3 = 0, /py.^ A iD.Ha = 0, 
J^Y^ fis A fia = -ie~^ ^ K = -In (^i J^y^ ^3 A fls^ 
J^y^ (Af^s) A D.n^ = 0, 



f^,y A = -d-dj< f^,y n^Afls^ 



t 



CY3 ^3 A Vty, 



(3.4.1.16) 



In particular, the second line of Eq. (3.4.1.16) allows one to write the covariant derivatives of $^3 (which 
are the basis of i/^'^ (Cls)) as follows: 



_ ^^J9.»3)A»3 \ 

, ' /cYa^a Ar!3 / 



(3.4.1.17) 



It is worth pointing out that the 2/i2,i -I- 2 3-forms {^Ij,, Di^l^T Dj^y,,^^^ ^ are all the possible 
((2,0) and (0, 2))-Kahler-weighted independent 3-forms which can be defined on CYs in the considered 
framework. This is due to the two fundamental relations 



D-D,n 



i"3 



D,D,n3 = tajk9'''~Djn3^ D^,Dj)n3, 



(3.4.1.18) 
(3.4.1.19) 
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which are the translation, in the language of forms on CYa, of the third and second of Eqs. (2.171 



respectively. Notice that the third of Eqs. (2.17) and Eq. (3.4.1.18 1 hold in a generic Kahler framework, 



whereas the second of Eqs. (2.171 and Eq. (3.4.1.19) in general hold only in SK geometry. Due to 



Eq. (3.4.1.19), the completely symmetric, covariantly holomorphic tensor Cijk of SK geometry can be 



obtained by intersecting the elements of the basis of H^'^ (CY3) with their covariant derivatives (and 
normalizing with respect to the intersection of H^ '^ (C^s) and iJ^'"^ (CY^)): 



Cijk — C( 



ijk) 



Icy, ^3 A ^3 



f (D^D^n^) A Di^n^. (3.4.1.20) 

JCY3 



According to the Hodge-decomposition (3.4.1.14) implemented through the change of basis (3.4.1.15) 



the charges undergo the following change of basis: 

{p^, Qa} — * [z^'" {z,P, q) , Zf'^ {z,z,p, q) , Zi'^ (z, q) , Z"'^ (z,p, g)| , 
where the complex, (CS) moduli-dependent quantities on the r.h.s. are defined as follows: 
Z^ ° {z;p, q) EE J^Y^ A (z) = 3^ /^^^ (/^^ z) A (z) = (z) - {z) 

Zf'' {z,z;p,q) EE J^y^ A (A^^a) {z,z) = J^y^ (/^^ z) A (A^^s) {z,z) = 
= (A^^) {z,z) gA - (A^^a) {z,z)p^ = {D,W) {z,z;p,q) ; 



Zj''^ {z,z;p,q) = Zf'^ {z,z;p,q); 



(3.4.1.21) 

W{z;p, q) ; 
(3.4.1.22) 



(3.4.1.23) 
(3.4.1.24) 



Z°'^ (z;p,q)^Z^'0(^z;p,q). 



(3.4.1.25) 

2. d = 4 



As it can be seen, Z^'^ {z;p^q) and Zf'^(z,z;p,q) are respectively nothing but the J\f 
holomorphic central charge function W {z;p,q), also named J\f = 2 superpotential (see Eq. (2.2) and 
comments below), and its covariant derivatives, introduced a la Gukov-Vafa-Witten (GVW) |83j also 
in the considered Af = 2, d — 4 framework. In other words, Eq. (3.4.1.22) defines the holomorphic 



central extension of the Af = 2, d = A local supersymmetry algebra, whereas Eq. (3.4.1.22) defines 



in a geometrical way the charges of the other field strength vectors, orthogonal to the graviphoton. 
^Z^ '^ , Z^'^ , Zj''^ , Z^'^^ correspond to electric and magnetic charges of the {U{\))^'^'^^^ gauge group of 
the complex Dalbeault parameterization of (CYs, M). Their dependence on moduli can be understood 
by taking into account that they refer to the supermultiplet eigenstates, which are moduli-dependent (as 



already pointed out below Eq. (3.3.1.23)). They satisfy the following model-independent sum rules [3]: 



(I 



'^{p^,qA)M{T) 



P 



= Ii{z, z; p, q) = Vbh iz,z;p,q) ^ 0; 

(3.4.1.26) 

^h{z,z;p,q)^0, (3.4.1.27) 



where M (Af) is the real, symplectic matrix defined by Eq. ( |3.3.1.17 ), = Fas — dj:F\, M (J-) = 
A4 {Af ^ J^)- Ii and I2 are the first and second lowest-order (quadratic in charges) invariants of SK 



36 



geometry. As far as the metric g^j of the SK CS moduh space is regular, Ii has positive signature and it 
is nothing but the "BH effective potential" Vbh, whereas I2 has signature (1, /i2,i)- Since the considered 
extremal BH background is static (and spherically symmetric), the undressed charges and qa are 
conserved in time, and so are the dressed charges (which however, through their 

dependence on scalars, do depend on radial coordinate). 

The real, Kahler gauge-invariant 3-form can be thus Hodge-decomposed as follows (71, 72, 73, 74 € 

C) 



( Icy, ^3 a ) ^3 



725^^ (/cY;,^3A(Af^3))%f^3 
{icYs ^3 A DjUs^ D,n3 + 74 {^JcY, ^3 A Hg) fla 



7iM/r!3 + 725'^(AW^) D-n^+ 
+139'' {D-^) D.n^ + 74Wr!3 



(3.4.1.28) 



where Eqs. (3.4.1.22l-(3.4.1.25) were used. The r.h.s. of the Hodge-decomposition (3.4.1.281 is the 



most general Kahler gauge-invariant combination of all the possible ((2,0) and (0, 2) )-Kahler- weighted 
independent 3-forms for Type TIB on CY^s. The overall factor (with Kahler weights (—2, —2)) is 



necessary to make the r.h.s. of the identity (3.4.1.28) Kahler gauge-invariant. The reality condition 
TYa = 7^3 implies 73 = 72 and 74 = 71. The complex coefficients 71 and 72 can be determined by 



computing /^^ H3 A fl^ and /^^ H3 A Difl^, using the identity (3.4.1.28 ) and recalling Eqs. (3.4.1.22 1 



( 3.4.1.25| and the intersections ( |3.4.1.16| . By doing so, one obtains: 



^ = IcYs ^3 A r!3 = e^^jiW J^y^ r!3 A r!3 = HiW ^ 71 = -i; 

DiW = JcY, ^3 A Difts = 6^725^^ (D.W) J DjU^ A D^n^ = ^i^^DiW ^ 72 



(3.4.1.29) 



Thus, the complete Hodge-decomposition of the real flux 3-form Ti.3 of Type IIB on Cy3S reads 



TL3 ~ —ie 



-21 m 



K 



Zn^ - g^' (DjZ) Dj^s 



(3.4.1.30) 

where in the second line we recalled the definition of the M ~ 2, d — A covariantly holomorphic central 



charge function Z (z, z,p,q) (with Kahler weights (1,-1)) given by Eq. (2.2| (see also Eq. (2.16)), and 
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introduced the covariantly holomorphic (3, 0)-forni CI3 (with Kahler weights (1,-1)) on CY3 



Z (z, z;p,q) = e 2 W{z;p,q). 



D,Z = eTD,W, DjZ = 0; 



^3 {z,z) 



O3 



e'^*2'"' rig (z) 



(3.4.1.31) 



(3.4.1.32) 



Let us now compare the Hodge-decomposition identity (3.4.1.301 with the real part (3.3.1.91 and 



(3.3.1.10 1 of the SK geometrical identities (3.3.1.16 ). It is immediate to realize that the identity (3.4.1.30 ) 



is nothing but the translation, in the language of forms of Type IIB on CY^ (i.e. in a particular 



stringy framework) of the identity (3.3.1.9 1-( 3. 3. 1.10 1, which is the real part of the fundamental identities 



(3.3.1.161, holding for any SK geometry, irrespectively of its microscopic/stringy origin. 



3.4.2 "New Attractor" Approach 



The evaluation of the Hodge-decomposition identity (3.4.1.301 along the constraints determining the 



various classes of critical points of Vbh in -Mnv (which in the considered stringy framework is nothing 
but the CS moduli space of CY3) allows one to obtain a completely equivalent form of the AEs for 
extremal (static, spherically symmetric, asymptotically flat) BHs in the particular framework in which 
JV = 2, d = 4 ungauged supergravity is obtained by compactifying Type IIB on CY^. As already pointed 
out in the treatment at macroscopic level, in some cases such equivalent forms of AEs may be simpler 



to solve than the AEs obtained by exploiting the "criticality conditions" approach (see Sect. 3.1). 



I) Supersymmetric ( \-BPS) critical points. By evaluating the Hodge-decomposition identity (3.4.1.301 



along the constraints (3.1.1.1.11, one obtains 



= -2Im (zClsJ ^ 



-BPS 



(3.4.2.1) 



Eq. (3.4.2.11 is the translation, for Type IIB on CY3, of Eqs. (3.3.2.1) and (3.3.2.2), which in turn 



are equivalent, purely algebraic forms of the 5-BPS extremal BH AEs, given by the (partly differential) 



conditions (3.1.1.1.1). By recalling Eqs. (3.4.1.14) and (3.4.1.15), Eq. (3.4.2.1) implies that at ^-BPS 



critical points of Vbh the real flux 3-form Ti^ of Type IIB on CY3 has vanishing components along the 
Dalbeault third cohomologies H'^'^ (CYa) and H^''^ {CY3). This can be understood easily by recaUing 



Eq. (3.4.1.23): 



D,W = 0, Vi 



t 

J^y^ Ha A DjU^ = 0, VI 



(3.4.2.2) 
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Thus, at i-BPS critical points of Vbh Ti-s is "orthogonal" (in the sense of Eq. (3.4.2.21, as understood 
below, as well) to all the 3-forms which are basis elements of H^'^ {CY3) and H^'^ (CY^). 

Consequently, the complete supersymmetry breaking at the horizon of (static, spherically symmetric, 
asymptotically flat) extremal BHs in A/" = 2, d = 4 supergravity as low-energy, effective theory of Type 



IIB on CY3 can be traced back to the non-vanishing "intersections" (defined by Eqs. (3.4.1.231 and 



(3.4.1.241) of ^3 with and H^^^ {CY3). Moreover, in light of Eq. (3.4.1.221, the ^-BPS 



non-degeneracy condition Wi_gpg 7^ corresponds to a condition of non(-complete)- "ort/io^onaZify" 
between Tis and f^g, basis of H^'° {CY3): 



W ^ 



f^Y^ n^Afls^ 0; 

t 



(3.4.2.3) 



II) Non-BPS Z ^ critical points. By evaluating the Hodge-decomposition identity (3.4.1.30) along 



the constraints (3.1.1.2.1) and (3.1.1.2.2), one obtains 



Ha = 2/m 



+ '^7^C,ki9'^9''9" (D^Z) {DjZ) DjCl, 



non-BPS,Z^Q 



(3.4.2.4) 



Eq. (3.4.2.4) is the translation, for Type IIB on CY3, of Eqs. (3.3.2.2) and (3.3.2.3), which in turn are 



equivalent forms of the non-BPS Z ^ extremal BH AEs, given by the (partly differential) conditions 



(3.1.1.2.1) and (3.1.1.2.2) 



By recalling Eqs. ( |3.4.1.14[ ) and ( |3.4.1.15[ ), Eq. ( [3.4.2.4^ imphes that at the non-BPS Z ^ crit- 
ical points of Vbh the real flux 3-form Ti.3 of type IIB on CY3 has components along H'~''^ (C^s) and 
H^'^ {CY3) with the same holomorphicity in the holomorphic central charge Z. In other words, such 
components can be expressed only in terms of Z and DiZ, without using Z and DjZ. Such a fact 
does not happen in a generic point of the CS moduli space of CY3, as it is seen from the global Hodge- 



decomposition identity (3.4.1.30). As it is evident, the price to be paid in order to obtain the same 
holomorphicity in Z at the non-BPS Z ^ critical points of Vbh is the fact that the component of 
along TJ^'^ (C'Y^) is not linear in some covariant derivative of Z any more, also explicitly depending on 
the rank-3 covariantly antiholomorphic tensor Cjjj,. By recalling Eqs. (3.4.1.22 )-(3. 4. 1.25), this can be 



understood by considering the translation of Eq. (3.1.1.2.2 ) in the language of (3-)forms of Type IIB on 
CY3: 



CY3 



2/_ 7^3Af}3 



I'j mk 



H3 A Af^3 



CY3 



CY-i 



(3.4.2.5) 

Eq. ( 3.4.2.5[ ), holding at non-BPS Z ^ Q critical points of Vbh, expresses the "intersections" of Ti.^ with 



H^'^ iCY^) {i.e. the components of 7^3 along H^'^ {CY^); see Eq. (3.4.1.28)) non-linearly in terms of 
"intersections" of 7^3 with H^'^ (C'^s) and H^'^ {CY-^), which can be all expressed only in terms of Z 
and DiZ , without using Z and DjZ . 
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Ill) Non-BPS Z = critical points. By evaluating the Hodge-decomposition identity (3.4.1.301 along 



the constraints (|3.1.1.3.1|) and (|3.1.1.3.2|, one obtains 



K 



2Im 



gf^ (djZ) D.Cl^ 



(3.4.2.6) 



Eq. (3.4.2.61 is the translation, for Type IIB on CY3, of Eqs. (3.3.2.4) and (3.3.2.5), which in turn are 



equivalent forms of the non-EPS Z ^ extremal BH AEs, given by the (partly differential) conditions 



(3.1.1.3.1) and (3.1.1.3.2). By recalling Eqs. (3.4.1.14) and (3.4.1.15), Eq. (3.4.2.6) implies that at non- 



BPS Z = critical points of Vbh, in an opposite fashion with respect to the case of ^-BPS critical points 
of Vbh, the real flux 3-form Hs of Type IIB on CY3 has vanishing components along the Dalbeault third 



cohomologies H'^'' (CYs) and H '■^ (CYi). This can be understood easily by recalling Eq. (3.4.1.22) 



W 



Icy, ^3 A = 0; 

t 



(3.4.2.7) 



Thus, at non-BPS Z = critical points of Vbh "Hs is "orthogonal" (in the sense of Eq. (3.4.2.7), as 
understood below, as well) to il^ and fis, basis of H^''^ {CY3) and H'^-^ {CY3), respectively. Moreover, in 



light of Eqs. (3.4.1.23) and (3.4.1.24), the non-BPS Z = non-degeneracy condition {at least for strictly 
positive-definite g^j at the considered critical points of Vbh) 



(AW^)„o„_BP5,z=o ^ 0, at least for some i € {1, 



(3.4.2., 



corresponds to a condition of non(-complete)- "ort/io(7onaZii?/" between H.^ and the Diil^s, basis elements 
of {CY3): 

JfjYs ^ Difl^ ^ 0, , at least for some i S {1, ny} '■ 



DiW 7^ 0, at least for some i G {1, ny} 



J(jY^ 'Hz A -D^r^s ^ 0, at least for some i € {l, } • 

(3.4.2.9) 



4 Flux Vacua Attractor Equations 

in A/^ = 1, d = A Supergravity from Type IIB on '^^^^ 

4.1 CY-i Orientifolds 

We consider Type IIB superstring theory compactified on a CY^ orientifold with 03/07-planes (as in the 
GPK-KKLT model |109( l80j). determining an M = 1, d = 4 supergravity as effective, low-energy theory. 
Within such a framework, we will derive FV AEsj^ similarly to what done in Subsect. 3.4 for extremal 

^*In |110l the FV Attractor Mechanism has been shown to act also in the landscape of non-Kahlor vacua emerging in 
the flux compactifications of heterotic superstrings. 
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BH AEs in effective A/" = 2, d = 4 supergravity from Type IIB on CYs. We will mainly follow [S], [Si] and 
[85j . In our treatment, the relevant moduli moduli space M of the CY3 orientifold is the one composed 
by the (direct) product of the CS moduli space (of complex dimension /i2,i = dim {^H^-^ (CYs)), which 
is a SK manifold, and the 1-dim. Kahler manifold parameterized by the universal axion-dilaton. We will 
denote the CS moduli by (x^xM = J (not to be confused with the projective 

V / i=l,...,/i2.i V J i=l,...,h2,i 

coordinates in the SK CS moduli space) and the axion-dilaton hy t = t^: 



M = Mto ® Mcs- 



(4.1.1) 



No Kahler structure (KS) moduli will be considered in our treatment of the classical FV Attractor 
Mechanism; indeed, in the considered framework the stabilization of KS moduli requires quantum per- 
turbative or non-perturbative mechanisms, such as worldsheet instantons and gaugino condensation (see 
e.g. m)- 

4.1.1 Vielbein and Metric Tensor in the Moduli Space 

We start by defining the structure of the (ft.2,1 + l)-dim. Kahler manifold spanned by the CS moduli and 
the axion-dilaton. Its Kahler potential can be written as follows (A = 1, /i2^i, /i2.i + 1 throughoulr^ 



K{t-t) 
= —In 

= —In 



'In 



-i t 



In 



* Icy, ^3 (x) A ^3 (x) 



Icy t°n3 (x) A fls {x) - flj (x) A ffls (x) 



{t° - f) (a"" (x) Fa (x) - (x) Fa (x) 



where CIt, is the holomorphic (3,0)-form defined on CY^. Thus, one can write: 

' K{t,t)=Ki (t^'f^+K^ix^x)- 

(t^f\ = -In 



(4.1.1.1) 



-zit^-t 



K3 (a;, x) = -In i (^X^ (x) Fa (x) - X^ (x) Fa (x)) 



The reality condition on Ki and yields the conditions 

Imt° > 0, Im {X^ (x) Fa (x)) > 0. 
The metric of the whole moduli space is given by (a = 0, 1, /12.1 throughout) 

9a-b t) = 9j,£>aK (i, t) = dj^da [k, (i", f ) + K3 (x, x) 



(4.1.1.2) 



(4.1.1.3) 



(4.1.1.4) 



Notice the diflferent range of the symplectic (capital Greek) indices in the present treatment of Type IIB on CY^ 
orientifold with 03/07-pIanes with respect to the range 0, 1, /i2,i of the previous treatment of Type IIB on CY3. In 
general, the reference to the graviphoton degree of freedom "0" is lost, due to the orientifolding truncation of the low-energy, 
effective supergravity. 
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yielding 



5oo = -(i"-^° 



2Kilt".T' 



(4.1.1.5) 



In our treatment we will make extensive use of the local "flat" coordinates in M (denoted by capital 



indices A — 0,1, /i2,i throughout), defined as usual by {g^ig'^'^ — 5^, 9ab9 ~ ^a) 

9ab t) ^ {t, t) ef (t, t) ^ 9^' {t, t) ^ e\ (t, t) % {t, t) 8^^, 



(4.1.1.6) 



where (t, Tj is the local vielbein in M, and (t, Tj is its inverse {e^e\ — S'^, e^e"^ — S^). Due to Eqs. 
(4.1.1.5 1, the + 2/i2,i + 1 components of the vielbein = |e|}, ef^, Cg, | (/ = !,..., /i2,i throughout), 
defined by Eq. (4.1.1.61, satisfy the following set of Eqs.: 

{t, t)\\ei {t, t) e? {t, t) Sjj = - - t°) ; 

{t, t) ef {t, t) + ei {t, t) ej {t, t) Sjj = 0; 

ef {t, t) e| {t, t) + el {t, t) ef {t, t) Sjj = d-d^K^ {x, x) , 



(4.1.1.7) 



admitting as a solutiorp^ 

e^ {t,t)f = - (f t^) <= el {t, t) = (f t^) = ze^^ = e^ {tO,f) 

ei{t,t) =0, V/= l,...,fe2a; 
e°{t,t) =0, Vi = 1, /i2,i; 
ef {t,t)eJ{t,t)5rj^d^d,K^{x,x). 



By inverting Eq. (4.1.1.61 one gets 



(4.1.1.8) 



(4.1.1.9) 



which by Eq. (4.1.1.51 implies that the /12 i + 2/12.1 + 1 components of the inverse vielbein e\ 



'^^Notice that the solutions given by Eqs. ( |4.1.1.8[ l and ( |4.1.1.1l| l are clearly not unique. Indeed, for a given metric, one 
can always transform the vielbein and its inverse by a Lorcntz transformation, which however will not affect the metric 
itself. 
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|eg, Bq, ej, e}|, defined by Eq. (4.1.1.6), satisfy the set following set of Eqs. 



f - A ' ef (t, t) + el it, t) 4 (i, t) djd,K3 {x, x) = 0; 



- i - e? (t, t) 4 + e} {t, t) e' {t, t) Ojd.Ks (x, x) = S 



admitting as a solution: 



{t,t) 



el{t,t) =0, = l,...,/i2,i; 
e^t,t)=0, yi=l,...,h2X, 
[ e| (i, 4 (i, t) djd^Ks (x, x) = 



(4.1.1.10) 



(4.1.1.11) 



implying, by Eq. (4.1.1.61, that the components of the inverse metric tensor of M read as follows: 



r,00 



iO. 



5"' - - 5 

^ g^^ : g^dkKs {x,x) = <5^, g'^dj^d^K^ {x,x) = jf. 

(4.1.1.12) 

Moreover, it should be noticed that actually ef — ej {x,x) and e} ~ e]{x,x), as obtained by differ- 



entiating with respect to the axion-dilaton t° the fourth Eq. of the systems of solutions (4.1.1.81 and 
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(4.1.1.111, respectively: 



{ [9oef {t, t)] ej {t, t) + el {t, t) d^ej {t, t) } % = 0; 
t 

doei{t,t)=0, 
t 

el = el (x, x) ; 

{ [d^e\ {t, t)] 4 (i, t) + e] (t, t) doel (t, t) } djd.Ks (x, x) = 0; 

t 

doe] (tj) =0, 

? - 

6y — ('^7 • 



(4.1.1.13) 



In the following treatment, we will use the solutions (4.1.1.8) and (4.1.1.111 of the systems of Eqs 



(4.1.1.71 and (4.1.1.10), respectively, i.e. we will assume that a system of local "flat" coordinates in M 



defined by Eqs. (4.1.1.6) and (4.1.1.9) always exists such that the corresponding vielbein and its inverse 



are given by Eqs. (4.1.1.8) and (4.1.1.11) (implemented by Eqs. (4.1.1.13)), in turn consistent with the 



covariant and contravariant metric tensor of M given by Eqs. (4.1.1.5) and (4.1.1.12), respectively. 
4.1.2 1-, 3- and 4-Forms on 

Next, we introduce the Ramond-Ramond (RR) and Neveu-Schwarz-Neveu-Schwarz (NSNS) flux 3-forms 
of Type IIB on CY^ orientifold (with 03/07-planes) as follows: 

RR:^3= pjaA - qf\Ap^ e {CY3, R) ; 

(4.1.2.1) 

NSNS : ^3 = P^o^K - qh\Af3'' e {CY3, R) , 
where we introduced the 1 x (2ft,2,i + 2) symplectic vector of RR and NSNS fluxes (charges), respectively: 

Qrr = (p/,9/|a) ; 

^ ^ (4.1.2.2) 

Qnsns = (Ph^qhiA) 1 

and {ttA,/?^} is the 53-dim. real (manifestly symplectic-covariant) basis of the third real cohomology 



{CY3,R), satisfying Eq. (3.4.1.1). In the considered framework, the flux 3-forms defined by Eq. 



(4.1.2.1) can be unified in the i^-dependent, complex flux 3-form 

©3 = ;?3 " = {pf ~ tV) "A - (9/IA - t%H\A) e (CFa, C; i°) , (4.1.2.3) 
thus determining the GVW JV = 1, d = 4 holomorphic superpotential as follows: 

W it) = J^.y ©3 (tO) A (x) = JcYs ^3 A {x) - t" J^.Y^ i03 A fls (x) = 



g/|AX^ (x) - p^Fa (x) + g„|A {~fX^ (x)) - pt {-t^F^ {x)) 



(4.1.2.4) 
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The second line of Eq. (4.1.2.41 suggests to redefine the holomorphic (3,0)-forni in the "NSNS sector" 
as follows: 

n3,NS (t) = -i°r!3,flfl {x) = -t°n3 (x) . (4.1.2.5) 

Since in Type IIB on the considered CY^ orientifold the flux 3- forms 3^3 and ^3 form the SL (2, (CFa, M))- 
doublet 

F=\ \ e SL{2,H\CY3,R)) , (4.1.2.6) 

correspondingly, one can introduce the SL (2,H^''^ (CY3; i))-doublet 

Si (a;) = (x) 



E{t)^\ \ eSL{2,H^'"{CYs;t)) 

S2 (t) = -to^ia (x) 



(4.1.2.7) 



By exploiting such a manifest S'L(2)-covariance, Eqs. (4.1.1.11 and (4.1.2.41 can be rewritten as follows: 
K{t,t) =-ln\j^y [Si(x)AS2(t) -S2(t) ASi(5;)]l ; (4.1.2.8) 



W {t) - Icy, [S3 A Si {x) + ios A S2 (<)] = J^y^ AE (t) 



(4.1.2.9) 



Thus, the J\f = 1, d = 4 covariantly holomorphic central charge function of Type IIB on CY3 orientifold 
with 03/07- planes can be introduced: 



Z{t,i) = e5^(*'*)M/(t) = e5^(*'*) / ©3 A (^) 

"'CY3 

Icy, A E it) 



Icy, [Si (^) ^ ^2 (t) - S2 (<) A Si (x)] 
(9/IA ~ t°9MA) (x) - {pj - fpt) Fa (x) 
^{to - f ) (x^ (x) Fa (x) - {x) Fa (x)) 

with Kahler weights (1,-1) with respect to K (t,Tj: 

DaZ {t, t)=daZ {t, t) + \ {daK (i, t)) Z {t, t) ; 
DaZ {t, t) = daZ (t, t) - \ {daK (t, t)) Z {t, t) = 0. 



(4.1.2.10) 
(4.1.2.11) 

(4.1.2.12) 



(4.1.2.13) 



Now, we can perform an unifying simplification of notation, by using the language of 4-forms on 
Calabi-Yau 4-folds (CI4); in such a framework. Type IIB on CY^ orientifold with 03/07-planes can be 
described by 4-forms defined on CI4 = '^^l^"^ , where denotes the "auxiliary" 2-torus, whose complex 
modulus is the universal-axion dilaton t = t'^. Thus, beside the 63-dim. real (manifestly symplectic- 



covariant) basis {a^,/]^} oi {CY^^R) (satisfying Eq. (3.4.1.1)), one can introduce the 2-dim. basis 
{a,P} of iJi (r2,M), satisfying 



(4.1.2.14) 
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and the holomorphic (l,0)-form fii on T^: 



(4.1.2.15) 



By recaUing Eq. (3.4.1.3), it is thus possible to define an holomorphic (4, 0)-form on CKi(= 



as 



always understood in treatment below) as follows: 

^4, (t) = ni (<°) A ^3 (x) = (x) /3 A ttA - t°X^ (x) aAaA-FA{x)(3A(3^ + t^F^ [x) a A (3'^. 

(4.1.2.16) 



Instead of using the complex, t°-dependent flux 3- form 63 (t") € iJ^ (CF3, C; i°) defined by Eq. (4.1.2.3 1, 
the RR and NSNS flux 3-forms can be unified elegantly by introducing the real fivix 4-form 

= -a A ds + P /\ !03 ^ (ptP-pja) ^aA- {qh\AP-qf\Aa) A £H^{CY4,R). 

(4.1.2.17) 

By using Eqs. ( |3.4.1.lD , ( |3.4.1.3| ), ( |4.1.2.14D , ( |4.1.2.15| ), ( |4.1.2.16[ ) and ( |4.1.2.17| ), Eqs. ( |4.1.2.8| )- 



(4.1.2.11 1 can be elegantly rewritten as follows: 

(i, t) = -In ( J^y^ fli (t) A (?)) ; 



K ' 



(4.1.2.18) 



W{t) = J^yj4An4 (0; 



(4.1.2.19) 



where in Eq. (4.1.2.20) we defined the covariantly holomorphic 4-form on CI4: 



Cli {t,t) = e5^(*'*)r!4 (t) = e-^'''i'°-^')e-2K3i-,^)ni (^o) A ^3 (x) = Cl^ {t°,f^ A CI3 {x,x) ; 



(4.1.2.21) 



CI3 {x,x) is the covariantly holomorphic 3-form on CY3, defined by Eq. (3.4.1.32); it has Kahler weights 
(1, —1) with respect to the Kahler potential K3 {x,x) of the SK CS moduli space Aics of CY3: 

f d,n3 + \ (9.i^3) = e^^^ A^^3 = 



DM 



g^^A _ (x-a.f.-(o.^^)F.) ^^^ 

' X'^Fb-X^Fb 



X~Fb-X = Fb 



DjCl3 = djCl3 - \ (djKs) Cls = 0; 
Dofi3 = 0; :Do^3 = 0. 



(4.1.2.22) 
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On the other hand, Cli is the covariantly holomorphic 1-form on T^, defined by the second Hne 



of Eq. (4.1.2.21); it has Kahler weights (1,-1) with respect to the Kahler potential Ki [t'^,t ) of the 



Kahler 1-dim. moduli space Ait" of T^, spanned by the universal axion-dilaton t — t'^: 



Dj^Cli = d^Cli - \ (doKi) Cli = 0; 
DoDoCli = 0; D^DaCli - g^^Cl^ = e^^^Cl^ - 

DiCli = 0; iDjCli = 0. 

(4.1.2.23) 

Resultingly, the covariantly holomorphic 4-form (l/^ {t,Tj on CI4 = '^'^z^'^ 1 defined by the first line 



f-t" 



of Eq. (4.1.2.211, has Kahler weights (1,-1) with respect to the whole Kahler potential K 



Ki ( t°, t°]+K3 {x,x) of the (/i2,i + l)-dim. moduh space M = Mto(g>Mcs- of CY4 (recall Eq. (|4.1.1|) 



implying that 



Dan4 {t,t) = daCli {t,t) + \ {daK {t't)) Cl^ (t't) ; 
DaCli [t't) = da^i {t,t) - \ {daK {t,t)) Cli {t't) = 0, 

DbDaCli {t~t)^gmClA {t,t) . 



(4.1.2.24) 



(4.1.2.25) 



4.1.3 Hodge Decomposition of 

Now, in order to derive the Hodge-decompositiorp^ of the real flux 4-form g'4, we have to determine 
all the possible independent 4- forms on CYi{— ^^^'^ , as always understood throughout). Due to 



Eqs. (4.1.2.241 and (4.1.2.25), it is easy to realize that, up to the third order of covariant differentiation 
included, the possible independent 4-forms ((1, — 1)-Kahler weighted with respect to K) on CY4 are CI4, 
DaCli, DaDbCli, DaDbD.Cli and DaDbD^Cli. 



As it can be realized by considering Eqs. (I.1|-(I.4| of Appendix I, DaDjjQ.^ cannot be expressed 



in terms of DJ^a (as instead it happens in the extremal BH case, see Eq. (3.4.1.19)), and all the 
independent, (1, —1)-Kahler- weighted 4-forms on the considered CY4 are given by the 2/i2,i + 2 forms 



(4.1.3.1) 



The third covariant derivatives of CI4 do not add any other independent 4-form, and so do all the 
other higher order covariant derivatives of ^4. Thus, the possible candidates along which one might 



^'^For an elegant and detailed derivation of the Hodge-decomposition of ^4 using methods of algebraic geometry, see e.g. 
Sect. 2 of [851. 



47 



decompose the real flux 4-forni ^4 are the 4-forms given by Eq. (4.1.3.1) and their complex conjugated 
^4, Sofi4, D-SI4, D^D-^4- 

The "intersections" among the elements of the set of 4-forms ^4, D^Cli, DiCt4, DoDiCl4, CI4, 1?Qf24, DjCl4 
and D-^^DjCl4 in generic local "curved" and in local "flat" coordinates of M are given in Appendix II. By 
using such results, the real, Kahler gauge-invariant 4-form 54 can be thus Hodge-decomposed as follows 
{Vi,-;V6 e C) 

Vi ( Icy, 5'4 A Cl4^ CI4 + m&^^ ( Icy, ^ (^^^^4)) DgCl4+ 
+V3S^'^ ( Icy, ^4 A DoDAni) D^DgIl4 + ^5^'^ ( Icy, ^ DqD^^4 ) 0^03^4- 
+riz5B'^ ( Icy, ^4 A (^^^4)) 03^4 + m ( Icy, ^4 A ^4) ^4 



mzn4 + mS^^ {DaZ) 0^(14 + m^^^ (DqDaZ) 00^0^(14+ 

+T]45^^ (d^^z) DoDBn4 + V5S^^ (DaZ) 03^4 + ^?6^^^4 



(4.1.3.2) 
(4.1.3.3) 



where Eq. (4.1.2.201 was used, also implying: 

I^y^ d4 A Dan4 = DaZ, /^^^ ^4 A I?a A^^4 = DaD^Z; 

I^y^ d4 A DAn4 - DaZ, I^y^ ^4 A DADBn4 - DaDbZ. 



(4.1.3.4) 



The r.h.s. of the Hodge-decomposition (4.1.3.31 is the most general Kahler gauge-invariant combination 



of all the possible ((1,-1) and (— 1, 1))-Kahler- weighted independent 4-forms for Type IIB on CY4 = 
'^^22"^ • '^^'^ reality condition ^4 = ^4 implies r]4 = 7^3, 775 = 772 and 775 — rfi. The (a priori) complex 
coefficients 771, 772 and 773 can be determined by computing I^y i?4 A i74, I^^y ^4 A Z?^f24 and I^jy ^4 A 



DqDa^4, and using the identity (4.1.3.31 and recalling Eqs. (4.1.2.201, (4.1.3.41 and the "intersections" 



in local "flat" coordinates (II.5 l-(II.8 1. By doing so, one obtains 



Z — I^y ^4 Ari4 — rjiZ I^y f24 A fi4 = 771Z <^ 7/1 = 1; 



DcZ = I A Dcn4 = ??2^^^ {DaZ) I D^n4 A Dc^ 



= -Tj2S^^ DaZSc^b = -mDcZ ^ m = -l; 



DoDcZ = I^y^ ^4 A DoDcCl4 - VaS^"" {DqDaZ) I^y^ (^D^D^Cl4) A DoDcCl4 = 
= mS^^S^gDoDAZ ^ mDoDcZ ^7/3 = 1. 

(4.1.3.5) 

Thus, the complete Hodge-decomposition of the real, Kahler gauge-invariant 4-form ^4 of Type IIB on 
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'"^^1^"^ in generic local "flat" coordinatetP^ in M reads 
d4 = 2i?e 



- ( d'^z) Da^a + (d-D^Z ] DaDA^A 



= 2Re 



D-D^z ) r^i A Dins 



(4.1.3.6) 



(4.1.3.7) 



4.2 J\f = 1, d = A Effective Potential and Criticality Conditions" Approach 

The potential oi N — l, d — A supergravity (from Type IIB on ), which acts as effective potential 

for the FV attractors, is given by Eq. ( |1.17[ ), which we repeat here [511 [5^ : 



K 



3 \Wy- + g'^'DaWD-^W 



= -i\z\ 



-i\z\- r -t 



g'''DaZDj;Z = 

DoZ\^+g'^ [t\rj D.ZDjZ | 0. 

(4.2.1) 

At a glance, the first difference between the "BH effective potential" Vbh given by Eq. (3.1.1) and the 



FV effective potential" VV=i given by Eq. (4.2.11 concerns their sign. Indeed, Vbh is positive-definite 



and it can be recognized as the first, quadratic invariant of SK geometry; through the Bekenstein-Hawking 
entropy-area formula, it is related to the classical entropy and to the area of the event horizon of the 
considered extremal (static, spherically symmetric, asymptotically flat) BH. On the other hand, Vj\f=i 
does not have a definite sign, and critical points of V\f=i can exist with Va/'=i ^ 0: 
1) y^^=l\^v^f-l=o ^ ^ corresponds to De Sitter (dS) vacua; 



2) 1V= 



\^V^r=l=0 



determines Minkowski vacua; 



3) Kv=ilavv_j^o < corresponds to anti De Sitter (AdS) vacua. 



By differentiating Eq. (4.2.11 with respect to the moduli and recalling Eqs. (4.1.2.191 and (4.1.2.251 



one obtains the general criticality conditions of VV=i (Va = 0, 1, ^^2,1): 

DaVM^i = daVM=i = 0; 

t 

[-mDaW + .9^^ (DaDbW) D^W + g'^ (DbW) D^D^W] 
= [-2WDaW + .g''^ {DaDi,W) D^W] = 0; 



-2WDaW + 5''^ (DaDbW) D^W = 0, 



(4.2.2) 



where, as in the case of extremal BH attractors in M ~ 2, d ~ 4 supergravity, we assumed the Kahler 
potential to be regular, i.e. that \K\ < 00 globally in M (or at least at the critical points of Vfyf=i). 



'For the analogous expression in generic local "curved" coordinates in M, see Eqs. (III.l i-llll.4l 
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Eqs. (4.2.21 are the what one should rigorously refer to as the M = 1, d = A FV AEs (in Type IIB on 
^^1^'^ ). By recalling Eq. (4.1.1.121, they can finally be rewritten as 

DaVM=i = daVM=i = ^ -2WDaW + {DaDQW)Dj^W + g''^ {DaD.W) D-W = 0, Va = 0, 1, /12 

(4.2. 



Let us specify such FV AEs for the two classes of (local "curved") indices; with some elaborations, one 
obtains: 

a = (axion-dilaton direction in M) : 



DoVm=i = ^oV^r=l = ^ -2WDoW + g^'^ {D^DjW) D^W = 0; 



(4.2.4) 



a = i e {1, ^2,1} (CS directions in M) : 



-2WD,W- 



-2K 



1 (DoD.W) D^W - e 



g^'^C^jig'^^ (D^D^W) DjW 



(4.2.5) 



Thus, despite the presence of the universal axion-dilaton direction in the (/i2,i + l)-dini. Kahler moduli 



space M, Eqs. (4.2.51 yields that the tensor C^fe, defined in the /i2,i-dim. SK CS moduli space M.cs £ 



M, still plays a key role. The FV AEs (4.2.41 and (4.2.51 of TV = 1, d = 4 supergravity from Type IIB 



on relate, at the critical points of the "FV effective potential" Vj\f=i (given by Eq. (4.2.1)), the 



Af = \, d = A holomorphic superpotential W , the super symmetry order parameters DiZ ~ e^^DiW and 
the axino-dilatino-CS modulino mixings DqD,Z = ei^'DoAVK, which is part of the (/i2,i + l)x(/i2,i + 1) 
modulino mass matrix Kah = DaDj^Z ~ e^^ DaD^W (note that in the considered Af — I, d — 4 
framework the axino-dilatino and the /i2,i CS modulinos play the role of the ny = /i2.i CS modulinos in 
the context oi Af = 2, d — i supergravity from Type IIB on CY3). It is worth pointing out that Aab is 
part of the holomorphic/anti- holomorphic form of the (2/i2,i + 2) x (2/i2,i + 2) covariant Hessian of Z, 
which is nothing but the holomorphic/anti-holomorphic form of the scalar (axion-dilaton -I- CS moduli, 
in the stringy description as Type IIB on ^^^^"^ ) mass matrix. 



The structure of the criticality conditions (4.2.31 and (4.2.4l-(4.2.5 1 suggests the classification of the 
critical points of VV=i in two general classes: 

I) The supersymmetric (SUSY) critical points of VV=i, determined by the differential constraints 

AI^ = 0,Va = 0,l,...,/i2,i, (4.2.6) 



which directly solve the conditions (4.2.3) and (4.2.4 1-(4.2.5 1. By substituting the SUSY FV constraints 



(4.2.6) into the expression (4.2.1) of V_\f=i, one obtains that SUSY dS critical points of Vv'=i (i.e.. 
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independently on the stability, SUSY dS FV described by a classical FV Attractor Mechanism encoded 
by - the criticality conditions of - the potential VV^i) cannot exist, because 



yj\r=i,susY 



(e^\W\') 



SUSY 



"3 \Z\sjjSY ^ 0. 



(4.2.7) 



II) The non- super symmetric (non-SUSY) critical points of Va/=i, determined by the differential 
constraints 



DaW ^ 0, {at least) for some a e {0, 1, /i2,i} \ 
aalV=i =0,Va = 0,l,...,/i2,i. 



(4.2.8) 



The expression (4.2.11 of VV=i suggests that a priori such critical points of VV=i are of all possible 
species (dS, Minkowski, AdS). 

4.3 Supersymmetric Flux Vacua Attractor Equations 

In the present Subsection we will concentrate on the SUSY critical points of V^=i, determining the 
supersymmetric F V AEs in TV = 1 , d = 4 supergravity from Type IIB on '^^1^"^ . This can be achieved 



respectively by evaluating the Hodge identities (4.1.3.6 1-(4.1. 3.7) and (III.l l-(III.4 1 at the SUSY FV 



constraints (4.2.6). 



The evaluation of the identities ( |4.1.3.6[ )-( |4ri.3.7[ ) and ( |III.l[ )-( piL4| along the constraints ( |4.2.6[ ) 
respectively yields the supersymmetric FV AEs m M — 1, d — 'i supergravity from Type IIB on '^•^^^'^ 
in local "flat" coordinatea^ 



2Re 



SUSY 



2Re 



zCli A fig + S^'^ {DqDjZ^ CLi a DiQ.3, 



SUSY 



SUSY 



(4.3.1) 



Notice that, as in Eqs. (4.3.1 1 as well as in the treatment below, the subscript "S't/S'F" denotes the 



evaluation at the SUSY FV constraints (4.2.6). 

Furthermore, Eqs. ( |4.3.1 1 can be further elaborated by computing that 



{DoDjW) 



- U3 



SUSY 



SUSY 



[e^j (r - r) [d,d^W + \ (d.Ks) doW] } 



SUSY 



{qh\^X^-plF^) 



SUSY 



(4.3.2) 



The structure of the SUSY FV AEs (4.3.1 1 suggests the classification of the SUSY critical points of 
Vj\f^i in three general classes: 



"^For the analogous expression in generic local "curved" coordinates in M, see Eq. (III.5i. 
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I) Type "(3,0)" SUSY FV, determined by the constraints ( |4.2.6[ ) and by the further conditions 
WsusY + 0; 



t 



SUSY 



0; 



(4.3.3) 



VA = l,...,/i2,i + l 



= 0; 



SUSY 



SUSY 



0. 



Because of 



Vm=i,susy,(3,o) = -3 (e^ \Wf) < 0, 

V / susY,{3,a) 



(4.3.4) 



the class Y^,^;" of SUSY FV is composed only by AdS FV. In this case, the SUSY FV AEs read as 
follows: 



5-4 = 2Re 



SUSY,{1,,0) 



2Re 



SUSY,{3,0) 



2 



SUSY,{3,0) 



Re [W^i A n 



3J SUSY,{3,0) ' 



(4.3.5) 



Notice that for such a class of SUSY FV the condition of consistence of Eqs. (4.3.5) is Wsusy 7^ 



In other words, Minkowski (VV=i = 0) SUSY FV satisfying the constraints (4.2.61 and 
Wsusy = 0; 



5' 



SUSY 



0; 



(4.3.6) 



VA = l,...,/i2,i + l 



g^i (SgSjir) D.Ff, 



= 0; 



SUSY 



= 0. 



SUSY 



are not described by the classical FV Attractor Mechanism encoded by the SUSY FV AEs (4.3.11 



Indeed, such Eqs., when evaluated along the constraints (4.3.61 simply return all (RR and NSNS) 
vanishing fluxes. 

It is worth pointing out that, beside the substitution of "/m" with "i?e" and the doubling of the 
vector dimension due to the S'L(2, M)-doublet of RR and NSNS (3-form) fluxes, the "(3,0)" SUSY FV 



AEs (4.3.5) are very close to the SUSY extremal BH AEs in A/" = 2, d = A supergravity, given by Eqs. 



(3.3.2. ll-(3. 3.2.21 
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II) Type "(2,1)" SUSY FV, determined by the constraints (4.2.61 and by the further conditions 
WsusY = 0; 



g'UD^DjW]niAD,n3 ^ 0; 

^ ' ' SUSY 



(4.3.7) 



{at least) for some A g {1, /i2,i + 1} : < and/or 



SUSY 



^0; 



SUSY 



Because of 



Vm=i,susyX2,i) = -3 (e^ \W\^) = 0, 

V /s(7sy, 2,1 



(4.3.8) 

'S(7Sy,(2,l) 

the class "(2,1)" of SUSY FV is composed only by Minkowski FV. In this case, the SUSY FV AEs read 
as follows: 



= 2Re 
= 2Re 



SUSY,(2,1) 



SUSY,{2,1) 



\ I SUSY,{2,1) 



SUSY,(2,1) 



SUSY,{2,1) 



(4.3.9) 



It is worth observing that the SUSY FV constraints (4.2.6) and the condition Wsusy, {2,1) = imply 



(5aW^)s(7SY,(2,l) ^' ^' ■•■''*2,i; 



(^oW^)sC/Sy,(2,l) - {-IhlA^^ + Pt^J^) SUSYX2,1) " 



Vi = 1, h2,i ■■ < 



SUSY,{2,1} 



t 



SUSY,(2,l) 



= 0; 



S(7Sr,(2,l) 



SUSY,(2,l) 

(4.3.10) 

where we used the fact that t 7^ is a necessary (but not sufficient) condition for the (assumed) regularity 



of Ki in M.to=r C M (or at least in the considered critical points of VV=i)- Thus, Eq. (4.3.21 can be 



53 



further elaborated as follows: 



SUSY,(2; 



SUSY,{2,1) 

w] 



SUSY,{2,1) 



e^{r-T)d,doW 



SUSY,{2: 



Ph 



SUSY,(2,1) 



SUSY,{2,1) 



(4.3.11) 



where in the last line we used Eq. (4.3.101. Furthermore, by using Eq. (4.3.10) with some elaborations, 
one obtains that 



W. 



SUSY,(2,1) 







(doW) 



SUSY,{2,1) 



= 0, 



(4.3.12) 



SUSY,{2,1) 



and therefore at the class "(2,1)" of SUSY critical points of V/v^^i the "RR sector" q-f^\X^ — p^F\ and 
the ^^NSNS sector" — [qh\AX^ — P/^^a) of the holomorphic superpotential W vanish separately. 

By looking at the "(2,1)" SUSY FV AEs ( [ilj] ), it is interesting to note that "(2,1)" SUSY FV do 
not have a counterpart in the theory of extremal BH attractors in M = 2, d — 4 supergravity. Indeed, as 



implied by the SUSY extremal BH AEs (3.3.2.1 1-( 3.3.2.2 ), the classical extremal BH Attractor Mechanism 
in A/" = 2, d = 4 supergravity is not consistent with SUSY critical points of Vbh also having W = 0, and 



thus determining Vbh = 0. In such a case, the SUSY extremal BH AEs (3.3.2.1 1-(3.3.2.2 1 simply yield 
all (magnetic and electric) BH charges vanishing. 

Contrarily to the extremal BH attractors in J\f — 2, d = 4 supergravity, and as yielded by the "(2,1)" 



SUSY FV AEs (4.3.91, the classical FV Attractor Mechanism allows for stabilization of (axion-dilaton 



CS) moduli in the SUSY case with vanishing gravitino mass Z, 



USY 



w) 



SUSY 



0. 



HI) Type "(3,0) + (2, 1 ) " SUSY FV, determined by the constraints ( |4.2.6[ ) and by the further conditions 
WsusY ^ 0; 



\ 



SUSY 



7^0; 



(4.3.13) 



D-W ] D,,X^ 



{at least) for some A e {1, ft,2,i + and/or 



SUSY 



^0; 



Because of 



'^V=l,S(7Sy,(3,0) + (2,l) 



DjW]D,F^ 



SUSY 



<0, 



^0. 



(4.3.14) 



SUSY,{3,a) + {2,l} 

the class "(3,0)+(2,l)" of SUSY FV is composed only by AdS FV. For such a class of SUSY FV the 



FV AEs are simply given by Eqs. (4.3.1 1 (which can be further elaborated by considering Eq. (4.3.2 1), 



constrained by Eqs. (4.3.13). 
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In [TT] examplesof SUSY FV of all the classes considered above "(2,1)", and "(3,0)+(2,l)") 

have been explicitly checked to satisfy the corresponding SUSY FV AEs of A/" = 1, d = A supergrav- 
ity from Type IIB on ^^^If^, in a model with /i2,i = 1, where CY3 is the so-called Fermat sixtic 
hypersurface. 

5 Some Recent Developments on Extremal Black Hole Attrac- 
tors 

In these lectures we have described the general theory of attractors for a generic Af = 2, d — i SK 
geometry, both in the supergravity language and in terms of Type IIB superstrings compactified on 
Calabi-Yau threefolds. We have then described, in a similar way, the Attractor Mechanism arising in 
TV = 1, d = 4 flux vacua, focussing on the case of (the F-theory limit of) compactifications of Type IIB 
on Calabi-Yau orientifolds (see also |110j for an extension to the landscape of non-Kahler vacua emerging 
in the flux compactiflcations of heterotic superstrings) . 

In the last years, more results have been obtained for the non-BPS extremal d = 4 BH attractors, 
especially with regard to symmetric Af = 2 SK geometries and to Af > 2 extended theories. 

The classification of the charge orbits of the U -duality groups supporting attractors with non- 
vanishing entropy was performed in [7D] (see also [12]) and [5T], respectively for Af — 8 and Af — 2 
symmetric supergravities, whereas the corresponding moduli spaces were found and studied respectively 
in and [33]. Furthermore, the classification of attractors for Af = 3, 4 (along with the corresponding 
maximal compact symmetries) was performed in [71]. Notice that the Af — 6 theory has the same 
attractors, orbits and related moduli spaces of the quaternionic magic N —2 model [^ I112j . 

For the sake of completeness we report here the charge orbits and the moduli spac^^ of attractors 
for all 3 ^ A/" ^ 8, d = 4 supergravities (for the treatment of extremal BHs in such theories, see e.g. 
[1131 11041 11141 [TT51 1116p . including the cases Af —i, 4, 5, not exhaustively discussed in literature. 

All d ^ 4 theories with Af even can be uplifted to c? = 5, and their ?7-duality group admits a unique 
quartic invariant (see e.g. |117j V All such supergravities have a non-BPS attractor solution whose moduli 
space coincide with the d — 5 real scalar manifold. This is the non-BPS solution with non-vanishing 
central charge matrix Zab {A, B = 1, ...,Af), which breaks the d = 4 7?.-symmetry to the d = 5 TZ- 
symmetry. Since the cases Af = 6, 8 have been treated in [19j [2TJ [TH |33j [36], let us now consider the 
case Af — 4; as previously mentioned, its attractors with non-vanishing entropy (and the corresponding 
maximal compact symmetries) have been classified in |74j. The non-BPS attractor with Zj^g ^ breaks 
the d = 4 7^-symmetry SU (4) - SO {6) down to the d = 5 7^-symmetry USp{4) - 50(5), and the 
maximal compact symmetry exhibited by the solution is USp{4) ® SO{n — 1), where n denotes the 
number of matter multiplets coupled to the supergravity one. The other non-BPS attractor solution of 
Af — 4, d — 4 supergravity has Zab — 0; thus, the d = 4 7?.-symmetry SU (4) is unbroken, and the 
corresponding maximal compact symmetry is SU (4) (g) SO (n — 2). 

On the other hand, the d — 4 theories with Af odd {— 3, 5) cannot be uplifted to d = 5, and their 
?7-duality group admits a unique quadratic invariant (see e.g. |117j ). The case Af — 3 admits only 

■^"^The scalar manifolds of3^A/'^8, d = 4 supergravities can be found e.g. in |74| . 
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|-BPS and non-BPS Zab = attractors with non-vanishing entropy; notice that such a result is similar 
to the one obtained for the M —2 symmetric sequence of SK manifolds based on quadratic holomorphic 
prepotential (see [21], ^6] and Refs. therein), and it is ultimately due to the aforementioned fact that the 
A/" = 3, d = 4 [/-duality group SU (3, n) has a unique quadratic (rather than quartic) invariant. A/" = 5 
is peculiar, as discussed in [71], in such a case only the |-BPS attractor has non- vanishing entropy (this 
solution splits in BPS and non-BPS Z = ones when performing the A/" = 5 ^ TV = 2 truncation of the 
theory [71j). 

By knowing the real, symplectic representation R (with dimjgi = r) of the [/-duality group G in 
which the charge vector Q sits, the orbits of R supporting attractors with non- vanishing entropy can be 
computed; their dimension is always r — 1, because they are defined by a fixed, non- vanishing value of 
the unique [/-invariant of the theory. For (/V = 2 symmetric and) 3^/V^8, c? = 4 supergravities such 
orbits are homogeneous symmetric manifolds of the form ^ [S) = Ti^'H^'H respectively for BPS, non-BPS 
Zab 7^ and non-BPS Zab ~ 0); the corresponding moduli space is given by the symmetric manifold 
^, where h (= f), f), f), respectively) is the maximal compact subgroup of io. It is worth remarking that 
the (^-)BPS moduli spaces of3^/V^8, (i = 4 supergravities all are quaternionic Kahler manifolds; 
such a geometrical property can be understood by noticing that in the supersymmetry reduction down 
to /V = 2 such spaces are spanned by the hypermultiplets' scalar degrees of freedom |117L 155] . 

Following |117j and [74], the relation among the signs of the [/-invariant I2 (quadratic in charges) or 
I4 (quartic in charges) of the considered supergravity and the various BH charge orbits is (for the /V = 8 
case see also [HHl [71 [701 \IM [IS]): 

r I - BPS : /2 > 0; 
/V = 3 : \ non - BPS, Zab = : /a < 0; 

r \-BPS:h>Q- 
. I non-BPS,ZAB^O:h<0; 

[non- BPS, Zab = : /4 > 0; 

r I ~ BPS : I2 ^ 0(sign does not matter); (5-1) 



A/'= 6 



i - BPS : /4 > 0; 

non - BPS, Zab 7^ : /4 < 0; 

non - BPS, Zab =Q:h>Q; 



r l-BPS:h>Q; 

\ non- BPS, Zab 7^ : /4 < 0. 

In Tables 1 and 2 we respectively list all charge orbits supporting extremal BH attractors with non- 
vanishing classical Bekenstein-Hawking [S7] entropy (i.e. corresponding to the so-called "large" BHs) 
and their corresponding moduli spaces for 3^/V^8, d = A supergravities. 

Some of the above results hold also for a generic (non-symmetric nor eventually homogeneous) Af — 2, 
d — A SK geometry based on a cubic holomorphic prepotential (usually named SK d-geometry [93]). For 
instance, for any SK o?-geometry of /V = 2, d — A supergravity coupled to n Abelian vector multiplets, 
the so-called DQ-DQ BH charge configuration supports only non-BPS Z ^ Q attractors, whose moduli 
space is (n — l)-dimensional, and it is given by the corresponding J\f — 2, d — 5 scalar manifold, endowed 
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with real special geometry [M] . It is worth pointing out here that the existence of rt — 1 massless modes 
of the 2n x 2n (real from of the) Hessian matrix of the BH effective potential Vbh at its non-BPS Z 
critical points was shown in [10 to hold in any SK d-geometry of A/" = 2, d = 4 supergravity coupled to n 
Abelian vector multiplets. However, the issue of the stability of the non-BPS Z ^ critical points of Vbh 
(as well as of the non-BPS Z = ones) in non-homogeneous SK d-geometry has not been thoroughly 
investigated so faip^ 

Let us finally remark that it is also possible to relate the flat directions of non-BPS attractor solutions 
in A/" = 2, d = 4 symmetric supergravities with the flat directions of (-^-)BPS and non-BPS attractors in 
Af > 2, d — 4 theories [3^. Moreover, the moduli spaces of extremal BH attractors with non- vanishing 
entropy in supergravity theories in d = 5 and d ~ 6 have been found and their relations with the 
corresponding Attractor Eqs. in d = A studied in |40j and [49j . 



^^The case of homogeneous non-symmetric SK d-geometry has been studied in |28j . 
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;^-BPS orbits ^ 


non-BPS, Z^s ^ orbits S 


non-BPS, Z^s = orbits g 

rt 


A/' = 3 


SU{3,n) 
SU(2,n) 


— 


S(7(3,n) 
S(7(3,n-1) 


M = A 


5(7(1,1) ^ SO(6,«) 


5C/(1,1) SO(6,«) 


SC7(1,1) SO(6,«) 


(7(1) SO(4,n) 


50(1,1) SO(5,ra-l) 


(7(1) ^ SO(6,n-2) 


A/'= 5 


5(7(1,5) 
S(7(3)®S£/(2,1) 






N = Q 


SO*(12) 
SE/(4,2) 


SO*(12) 
S(7*(6) 


SO*(12) 
S(7(6) 


AA = 8 


^7(7) 
■^6(2) 


■^7(7) 
^6(6) 





Tabic 1: Charge orbits of the real, symplectic R representation of the ^/-duality group G 
supporting BH attractors with non- vanishing entropy in3^AA^8, d = 4 supergravities 





^-BPS 
moduli space y 


non-BPS, ^ab ?^ 

moduli space U 
h 


non-BPS, Zab = 
moduli space S 


Af = 3 


SU{2,n) 




S(7(3,n-1) 


SU{2)^SU{n)0U{l) 


S(7(3)®S(7(n-l)®C/(l) 


A/' = 4 


S'0(4,n) 




SO(6,ra-2) 


SO(4)®SO(n) 


50(1, 1) ® so(5)®SO(n-l) 


SO(6)®SO(n-2) 


^ = 5 


SU(2,1) 
5(7(2)0(7(1) 






Af = 6 


5C/(4,2) 
S(7(4)®S(7(2)®(7(1) 


SC/*(6) 
USp(6) 




Af = 8 


-£'6(2) 

S(7(6)®S(7(2) 


1^6(6) 

USp{8) 





Table 2: Moduli spaces of BH attractors with non-vanishing entropy in3^jV^8, d = A 
supergravities [) and f) are maximal compact subgroups of H and H, respectively) 
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A Appendix I 



Up to the third order of covariant differentiation included, the possible independent 4- forms ((1, 
Kahler weighted with respect to K) on CI4 beside ^4 are: 

Da,hi : 



fii A fia; 



a = : 
£)of^4 = 

a = i: 

D.tli = A DiCls = e^^^Cli A Di^^ = e^^^Cli A [di^s + {diK^) Qg] 

Q:a+ 



-ill A < 



X~Fs-X=Fs 



(x^c\Fs-(diX^)Fs) 

diFA - -^^..^ — — ^-Fa 

X Fb-X^Fb 



(a, 6) = (0,0) :I>o-Dof^4 = 0; 

(a, 6) = (0,i) : 

DoAf^4 = DqCIi A DiCls = 

^ 1 

(t"-t") ^i(x^F^-X^FA) 



Qi A < 



(a, 6) = : 

DiDjCli = fii A DiDjClz = iCijkg'^^Cli A S^fia = 
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{a,b,c) = (0,i,j) : < 



( {a, b, c) = (0, 0, 0) : DqDqDqCIa = 0; 
(a,6,c) = (0,0, i) : DoDoDAa = 0; 

DoDiDjCli = Dodi A DiDjClz = 

= -e'^'Cijkg^'^D-^i = i{t- Cijkg^m 
DiDjDk^i = -I {f - (DiCjki) g'^DrnD^ni+ 

-I (f - to) Cjkig^^DiDrnDj^i = 

= -i (f - t") (DiCjki) g'-^D^Djli+ 



{a,b,c) = {i,j,k) : < 



(1.3) 
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DaDbDA = DaD^bDc)^i- 

' (a, &, c) = (0, 0, 0) : D^D^D^d^ = 0; 



a, b, c) = (0, 0, i) : D^DoD.hi = ffoo Af^4 = - - ' Af^4 = e^^^D.^^ 

a Ac) = (0,z,j) -.D^D.Djh^^Q- 

a, &, c) = (I, 0, 0) : DjOoDoCIa = 0; 

a, &, c) = (I, 0, z) : DjDoD,Cl^ = 5,;yi^of^4; 

(a,6,c) = {l,i,j) ■■ 



SKG constraints 



(1.4) 



Since the covariant derivatives of are often considered in local "flat" coordinated in M, below we 



write the independent ones, up to the third order included, by recalling Eqs. (4.1.1.81 and (4.1.1.11) 



(4.1.1.13 


0, Eqs. ( 


4.1.1.51 and ( 


4.1.1.12 


1, and Eqs. ( 


I.l 


l-( 


1.4 



Da^4 



(1.5) 
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{A,B) = (0,0) : DoDfAi = egeg£>aAfi4 = (e[j) DqDoCi^ = 0; 



{A, B) = (0, /) : DoDin^ = e^e''jDaDbni = ege}L>o Af^4 = Do^i A Di^s = Qi A 
' DiDj{l4 = e'}e^jDaDi,Cl4 = 

{A,B) = {I,J):\ 

, =iCijK5''T^DfiiADjfis. 



iA,B,C) = (0,0,0) : DoDoDgCl^ = ege^eg/P^DfeDA = (^e^)^ DoDoDofli = 0; 
{A,B,C) = (0,0, J) : DoDoDi{l4 = ege^eJL»a£)6£'cfi4 = (eg)%}Do£'oAf^4 = 0; 



{A,B,C) = {0,I,J) 



iA,B,C) = iI,J,K): { 



DoDiDjhi = e^e]e''jD^DbDjli = ele^jC^jDoDiDjili = 
DjDjDk^Ia = e^e^je'i.DaDbD^ni = e}e^je^A£'j£'fei^4 

_ =i{DiCjKL)5''^D^T^A + iCijKDfii. 
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{A, B, C) = (0,0,0) : DoDoDoCli = e^eyoD^DbD^n^ = 4 (e[j) Dj^DoDohi = 0; 



{A,B,C) = (0,0,/) : DoDoDin4 = e^elejDaDbDeni 



{A, B, C) = (0, 7, J) : D^DiDjhi = e^e^e'^jD^DbDjl^ = ^e}e>jD^DiDjhi = 0; 



{A, B, C) = {L, 0, 0) : Dj^DoDg^i = e'^elelDaDbD^tli = ^ (eg) ' DjOoDqCIa 



{A,B,C) = {L,0,I) : Dj;DoDjn4 = e^elejDaDbD^hi 



{A,B,C) = {L,I,J) : < 



SKG constraints in local "flat" coords. / ^ cM r ^ 7-» r\ 
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B Appendix II 

The "intersections" among the elements of the set of 4-forms fl^, Do^4) Difl^, DoDi^l^, fl^, DqH^, Djfl^ 
and DqDjQ4 in generic local "curved" and in local "flat" coordinates of M respectively read as follows: 

IcYi A ^4 = 0, J^Y^ {I4 A Dq{14 = 0, J^Yi ^4 A Di{l4 = 0, J^y^ {I4 A DoDi{l4 = 0; 

JcY^Ci4 Afi4 = 1; (ll.i) 

J^Y^ ^4 A ^0^4 = 0, /p^^ ^4 A Djd4 = 0, /p^^ ^4 A DQDjd4 = 0; 

J^Y^ DiCl4 A DjCli = 0, j^Yi Af^4 A Dq(14 = 0, j^Yi ^i^i ^ DoDjQ4 = 0; 



J^Y^ DiCl4 A Sof24 = 0, j^Y^ DiCli A D^DjCli = 0; 
/^^^ £)ofi4 A D0CI4 = 0, J^y-^ Dof^4 A DoDiCli = 0; 

2 

/^y^ £)of^4 A DqC14 = -e^^i = (f - t") ; 

/^^^ D0Q4 A Do:Dj^4 = 0; 
J(^Y^ DoDiQ.4 A DoDjQ.4 = 0; 

2 



(II.2) 



(11.3) 



(11.4) 



IcYi ^^4 A f24 = 0, Jqy^ ^4 A D(^4 = 0, J(^Y^ ^4 A -D7fi4 = 0, J^y^ ^4 A D0D1Q4 = 0; 

/^^^ ^4 A = 1; (11.5) 

J^Y^ ^4 A DqQ4 = 0, J^y-^ ^4 A Dj{),4 = 0, J^y.^ Q4 A DqDjQ,4 = 0; 

J^Y^ D1Q.4 A DjQi = 0, J^Yi D1Q.4 A Dohi = 0, J^Y^ DiCli A DoDjQ.4 = 0; 



/^^^ i:)7f24 A I5of24 = 0, J^Yi D1Q4 A DqDjC14 = 0; 
J^Y^ D0CI4 A D0O4 = 0, f^Yi 00^4 A DoDih4 = 0; 

J^Y^ D0CI4 A D^4 = - eg ^ e^^i = -1; 

Icy, ^0^4 A D^DjIl4 = 0; 
/^^^ L»g£'7f^4 A DoDjn4 = 0; 

/cn I^oDi(l4 A Dpjfl4 = eg ' e\eU^^^g,j = d.-j- 



(II.6) 



(11.7) 



(II.8) 
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C Appendix III 



The complete Hodge-decomposition of the real, Kahler gauge-invariant 4-form ^4 of Type IIB on ^^'^^"^ 
in generic local "curved" coordinates in M reads as follows: 

2 - -r- 



g^'^ {D^DaZ) DoDbn^ - g""" (DaZ) D^n^ + Zn^ 



2Re 



2Re 



Zn4 - g"" [D^Z) Dafli 
■ zCli A ^3+ 



(III.l) 



2Re 



zCli A f23+ 



(III.2) 



2e 



Wni A r^a-t- 

- eg ^ (^0^) Hi A f^a - e}e|(S^^ fli A D.f^a 



(III.3) 



(III.4) 



The evaluation of such identities along the constraints (4.2.6) yields the supersymmetric FV AEs in 



J\f ^ 1, d = A supergravity from Type IIB on '^^l^'^ in local "curved" coordinates: 







zni + 


pO 







2Re 



2Re 



2Re 



^'^^ (D^D^Z) D^DA 
zCli ACI3+ (i" - g'^ {p^DjZ^ A 



SUSY 



zn^ 



SUSY 



DM, 



SUSY 



zCli ACI3 + e^e\e^" {DqD^Z^ fii A A^^a 



SUSY 



WUi A r^a + ele\e^-5^-^ [Dj^D^W) A D^s 



SUSY 



(III.5) 
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